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Modified ELzaki Transform and its Applications

Adnan K. Alsalihi
Department of mathematics, Education faculty, Albaydha University,
Albaydha, Yemen
Adnans2000@gmail.com

ABSTRACT.

Modified Laplace transform and modified Sumudu transform were
suggested by Saif et al. [1] and Ugur Duran [2], respectively, they
discussed some of characteristics and theorems. Motivated by this kind of
work, the Modified ELzaki transform that is an extension of the ELzaki
integral transform for solving differential equations, is introduced in his
study. The modified integral transform is successfully deduced from the
ELzaki transform and examine many properties and relations as well as
used to ordinary and partial differential equations to demonstrate its
simplicity, efficiency, and high accuracy.

1. INTRODUCTION.
Under acceptable initial conditions, integral transforms are one of the

most significant techniques for solving ordinary and partial differential
equations. P. S. Laplace's work in the 1780s and Joseph Fourier's work in
1822 are the originators of the integral transforms. They are two of the
most widely used transformations in the literature. For a piecewise
continuous function f(t) of exponential order, the Laplace integral

transform is defined as,


mailto:Adnans2000@gmail.com
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o)

L{f(t)}=F<s)=f et F(6)dt s>0 (D)

0
T
= lim | e St f(t)dt
T—00 0
provided that the limit of integral exists. while the Fourier integral
transform which is similar with Laplace integral transform is
mathematically expressed as:

1 .
FUFO) == f (e st dt @

There are many integral transforms in the Laplace and Fourier transforms
class have been introduced in the recent two decades, including Laplace-
Carson transform [3], Sumudu transform [4], Natural transform [5],
Elzaki transform [6], Aboodh transform [7], The novel integral transform
[8], Yang transform [9,11], and Shehu transform [12]. These transforms
have a wide range of applications in physics, electrical engineering,
control engineering, optics, mathematics, and signal processing, to name
a few. In recent years, most of the integral transforms have been
modified, improved and generalization such as Modified Laplace
transform [1], Modified Sumudu Transform [2], z-transform as the
discrete-time equivalent of the Laplace transform [13], The Mellin
integral transform as multiplicative version of the two-sided Laplace
transform, Laplace-Carson transform [3], degenerate Elzaki transform, n-
dimensional Laplace transforms.

The Elzaki Transform which was proposed by Elzaki [1] as a class of
Laplace transforms is useful for solving a variety of ordinary and partial
differential equations, as well as integral equations. It's also a useful tool

for building analytic approximate solutions to scientific problems.

Motivated by the above-mentioned researches, in this paper we proposed
a Modified ELzaki transform for solving both ordinary and partial
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differential equations. Where for a = e, the Modified ELzaki transform
converges to the ELzaki transform. Both ordinary and partial differential
equations can be solved using the Modified integral transform. The
Modified ELzaki transform is indicated by the operator E,[f(t)]

throughout this research.

in [14], Apply Elzaki transform for partial derivatives and its
applicability. It is also has been used in [15] to solve a variety of
mathematical problems that arise in the fields of physics and finance. In
[16], this transform has been effectively applied to locate analytical
solutions for linear Volterra type integral problems. The quadratic Riccati
differential equation was solved by the Elzaki transform method [17]. It
has been shown also in [18] how the ELzaki transform may be used to

solve an ordinary differential equation with variable coefficients.

2. Modified Elzaki Transform
In [1,2], the modified Laplace transforms and modified Sumudu

transforms of a function f(t) which is peace-wise continuous and of
exponential order is considered as follows:

Lf®]=F(s) = fooa‘“ f(t)dt; R(s) > 0,a>0,
0

a+1and 3)
S.IF(O] = fooa‘%t F(Odt u>0,a>0,
0
a+1 4)

Respectively, Note that for a = e is set, the modified Laplace transform
in (1) and the modified Sumudu transform in (2) are both reduced to the
standard Laplace and Sumudu transform. Motivated by the above, we

define modified ELzaki transform as following:
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o)

Ea[f(t)]=vj a_%tf(t)dt; v>0,a>0,a
0

#1 (5
We note that
E[f(©O)] = E[f®)]

The inverse Modified Elzaki transform is given by
1 [ 1
E;Nf (D] = —f av' F,(v)dt; v >0,a>0a
2mi J,
+1 (6)
3. Modified Elzaki Transform of Some Functions

3.1. Letf(t) =1, By Definition 1, we observe that

Ina
3.2. Let f(t) =t, By Definition 1, we observe that

00 _lt
Ea[t]zvf a v tdt
0

. @ﬁ(ﬁ))

- (Ina)?
33. Let f(t) =t",n=0,12,..., By Definition 1, we observe
that

© g
E t] = vJ a vt dt
0
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Let [,=v ][ 5t endt, then Iy =, I, = —2— and
n="V]J, @ ! 0 7 na’ 17 (na)?

v v (n—1) N
~ nalnalna ™" (n=2) I3

v v v

= hamamg" DO
—2) 2 X1 X1,
v v 1 v
" Ina n lna(n )lna(n
—2) LTSV
S Py g
UZ
Ina
vn ' 172 vn+2 ' 1
B (lna)”n' Ina  (Ina)*+? LaRI
1
>0 and—> 0
Ina

34. Let f(t) =tP,p€ER,p+—1,-2,-3,.., By Definition 1,

we observe that

© g

E [tP] = vJ a v tP dt
0

o0 _1,
=vf elna v v gt
0

© 1
=vf e v M tP dt
0

Let z= ~t¢ Ina, thent=Lz, dt = - dz and
v Ina Ina

® vV NPV
Pl = A -
E,[ttP] = vfo e (lnaz) g dz

pP+2
- (Ina)r*?1
vp+2
- (Ina)r*?
Where , T is Gama Function.

o0
f e~Z zPt1-1 (7
0

F'p+1)
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3.5. Let f(t) = aPt, By Definition 1, we observe that

o 1
E.[a?t] = vf aft a5 dt
0

@ 1
= vf a &GPt gt
0

1 ~G-pt -
(% - p) Ina a .
v? 1

=, ->
(1-vp)lna v p

=7 —_

3.6. Letf(t) =ePt, By Definition 1, we observe that

® 1
E,la?t] = vf ePt g5t dt
0

(o] 1[‘
= vJ ePt elna v gt
0

Ina

=vJ e"Co Pt gt
0

1 Ina
R o~ 5Pt
)
( v p 0
B v? Ina S
~ (na—wp)’ v ~P
3.7. Let f(t) = sin bt , By Definition 1, we observe that
® 1
E,[aPt] = vf a v sinbt dt
0

0o —lt eibt _ e—ibt
=7 a v —_— dt
0 20

1 ®
=_— vJ eibt a_%t dt
20 0

o ) 1
— vJ e bt g7yt dt)
0

1 v? v?
"~ 2i\(lna—ivb) (Ina+ivb)
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1 2ibv3
- 2i((Ina)? + v2b2)’
bv3

- ((Ina)? + v?b?)
3.8. Let f(t) = cos bt , By Definition 1, we observe that
© 1

E,[aPt] = vf a7 cos bt dt
0

=7v av|——| dt
0 2

1 * 1
=_ (vj etbt a7t dt
2 0

+ vf e Wt g7y dt)
0

1 v? v?
- Z((lna — ivb) + (Ina + ivb) >
1 2Ilna v?
- 2 ((Ina)? + v2b2)’
Ina v?

~ ((na)? + v2b2)

3.9. Let f(t) = sinh bt , By Definition 1, we observe that

@ 1
E,[aPt] = vJ a v sinh bt dt
0

] 1 ebt _ e—bt
= vf a—;t — | dt
0 2

1 «® 1
=— <vf et a7t dt
2 0

[oe] lt
— vf e Pt g™V dt
0

1 v? v?

- 2_i<(lna — vb) B (Ina + vb))
1 2bv3

~ 2 (Ina)? — v2h?)’
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b v3

((Ina)? — v?b?)
3.10. Let f(t) = cosh bt , By Definition 1, we observe that

[ee]

1
E, [aPt] = vf a v cosh bt dt
0

® 1, (ePt 40t
= vf a v |————) dt
0 2

1 «© 1
=—<vf ebt a7t dt
2 0

+vf e Pt a7t dt
0

1 v? N v?
~ 2i\(lIna—vb) (Ina+ vb)

1 2 Inav?
2 ((Ina)? —v2b?)’
Ina v?

((Ina)? — v2b?)

3.11. Let f(t) =u(t—b), where u(t —b) is unit step function

defined by
(0, 0<t<b
u(t_b)_{l, b<t
By Definition 1, we observe that
Ea[u(too_ b)]
1
= vj av'1dt
b 2 2
V) Y b
B lna(0 @ ) B lnaa

4. The properties and Theorems of the Modified Elzaki Transform.
In the following theorems, we state and explore the general
characteristics of the Sumudu transform:

Linear property of modified Laplace transform: The modified Elzaki
transform is a linear transform, namely,
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Theorem 1. Let, kq,k,be constants and E,[f(t)] = F(v),E,[g(t)] =
G(v), be the modified Elzaki transform of f(t), g(t), respectively, then

[ee]

E ki f(8) + kag(®)] = v j G f () + kag () de

0
© g ®© g
= klvf a7t f(t)dt + kzvf a7 g(t)dt
0 0

Property 1. (Scalar property) let E,[f(t)] = F(v), then E [f(bt)] =
1
Proof. By definition

[ee]

E[f(b)] = v J a vt f(bt)dt
0

Putting z = bt, we get ¢t = % and dt = % then

*© z dz

E,[f(bt)] = vf a‘%(z) f(z)?
0

1 * 1
= —vaJ a w” f(z)dz
b 0

—1F(b) 1>0
~p2 WP

Theorem 2. (First shifting Theorem): let E,[f(t)] = F(v), then
Fala®f(©)] = (1= b)F (=2

Proof. By definition
E,[a?f(D)] = v J abt a7t F(6)de
0

= vf a_(%_b)t f(t)dt
0

1

= (1 - bv) —2 fm a_<1—va)t f(t)dt
0

— bv
v
1—bv)

Theorem 3. (Second shifting Theorem) let E,[f(t)] = M(v), then
Ealf(t — bu(t - b)] = a ™" F(v)

1
=(1—bv)F(
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Proof. By definition

o

E,[f(t - Byu(t — b)] = v f a5t F(t — b)dt

b
Puttingz=t—b,thent=b—>2z=0, t=00—> z=oc0 and t=2z+
band dt = dz, so
Eqlf(t = b)u(t — b)]

—a (v 0¥ F@a )
a (v j;) a v f(z)dz
= a_%bF (v)

Theorem 4. (The Modified Elzaki transform of derivative) let

Ina

Eq[f ()] = F(v), then Eg[f' ()] = —F(v) — v f(0)
Proof. By definition

4

Elf'(®)] = vf0°° a v f'(t)dt use integration by parts
—vla f(t)loo +ln—afooa‘%t f(t)dt
0 v Jy
1
= o[- £ + )|

_lnaF 0
= —F®) - v f(0)

Similarly, E,[f"(t)] = (MT“)ZF(U) —Ina £(0) — v f'(0)and then
E[f™ (@]

n

- (22 s
_ vini(ln a)n—i—l vi+2 f(i)(o)
i=0

Theorem 4. (convolution ) Let E,[f(t)] = F(v), then

1
Ea[f * g] = ; Ea[f(t)] Ea[g(t)]
Proof. By definition

Elf *g]=v f a3 feg(t) dt

0
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—v Lma‘%f fowf(r)g(t—r)dr dt

By interchange the order of integration, we get

(o] [o'e] 1
Ea[f*g]=vf f(r)f a” v g(t —t)dt dr
0 T
Puttingz=t—1,thent=71-52z=0, t=00 > z=o and t=2z+
T and dt = dz, SO

=v fomf(r) a_%T Joma_%z g(2)dz dt

1 @ 1
= vfo f()a v Eylgldt

= 1E E
= Eu[f1E[g]

Table 1 is a collection of these elementary functions' Modified Elzaki
transforms.

Table 1: Modified Elzaki Transforms for elementary functions

Function E.[f (0]
JAQ)
1 v?
Ina
t v3
(Ina)?
t" ™20l 1
W; > 0, Ina>0 , n = 0,1,2,...
th vP*P2r(b+ 1)1
W;>O, Ina>0 ,beER,
b+ -2-3..
abt v? Ina b0
Ina — bv "o
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sin bt b v3 Ina o
(Ina)? — (bv)2’ v
cos bt In a v?
(Ina)? + (bv)?

sihn bt b v3 Ina .
(Ina)?z — (bv)2 ’ v

cosh bt In a v? Ina b
(Ina)? — (bv)?’ v

5. Inverse of Modified ELzaki Transform

In view of (5) , (6) and definition of the above transforms which
are listed in the
Table 1, we have:

. [cos bt] = In a v?
alCOS O = )2 + (bv)?
[ ., 2
v

E;ll—|=1
“ |lna
F 3
E;?! =t
“ 1(n a)zl
i pP+2
(Ina)r+?
i pP+2

| (Ina)P+t

E;1 I'(p + 1)] = t"

E;?! n!l =t

1
E;'lv ———|=a"

(%—p) Ina

1
E;j'|lv ——— | =ePt

(na 9

bv3
| ((Ina)? + v2b?)

E;?!

l = sin bt
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g1 Inav? — cos bt
@ |((na)? +v2p2) |
et LA
“ [(na)z —v2b2) | st
[ In av? ]
E;?! = cosh bt

| ((Ina)? — v2bh?) |

6. Applications
6.1. Application of Modified ELzaki Transform to Simple
Harmonic Motion.

Let us consider a particle of mass (m) traveling in a straight line
along the path AB under the action of a restoring force equal to K,
with a position of equilibrium at 0 [19].

A >
Q
Q
v

Figurel(a) at t=1¢,

X N
A _— B
<€ 0 & (—
0 P 0

Figurel(b) att=1

Let:
X — is displacement from a position of equilibrium.

v —Is particle's speed from P where v = ‘Z—f

vy — Is particle's initial velocity , v(0)

K — is restoring force under which particle moving (positive
constant)

2
a — particle's acceleration from P, and equal to is ZT)Z('
F — The restoring force is given by F = —k x
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This force is equal to the particle's mass times its acceleration in
the positive X-direction, according to Newton's equation of

motion. i.e. F = ma, Let the particle starts from rest at distance c
from the equilibrium. The equation governing particle's motion is
given by

X"+ w?X =0 7
With X(0) =cand X'(0)=0
Where w? =X,

Applying Modni1fied Elzaki transform on both sides of Eq. (7) we
have

In a\?
(T) E,[X] —Ina X(0) — v X'(0)
+w? Eg[X] =0

((lnTa)z + w2> E,[X] =clna

which on applying the initial condition and simplification give,

X =SV
al ]_(lna)2+(vw)2 na

Or

The inverse Modified Elzaki transform gives,

X
X = ccoswt or coswt=—
c

So, the velocity is
v=X =—-cwsinwt = —cwV1 — cos? wt or
b= —wfe — X2
It is clear that the particle attains its maximum velocity at O i.e.
Atx =0, so,
Vmax = —wWC

6.2 Application of Modified ELzaki Transform to Forced
Undamped vibration.
In contrast to natural vibration, undamped forced vibration is the
consequence of ongoing external stimuli. It is regarded as one of the most
significant kind of vibration. Its basic idea may be used to explain how
any kind of machine or building moves [19].
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Let
m- is mass attached to a spring.
K- is a constant of proportionality called the spring constant.
F - The restoring force is given by F = —k x, force also equals mass
times acceleration, according to Newton's equation of motion. i.e.
F=ma, The equation of motion of such system will be:

X" + w?X =F sinnt (8)

With X(0) =0and X'(0) =0, Applying Modified Elzaki transform
on both sides of Eq. (8) we have

E,[X" + w?X] = E,[F sinnt]
Or
In a\*
(7) E,[X] —Ina X(0) — v X'(0)
nv3

+ w® Eo[X] = (ln a)? + (vn)?

Thus, after simplifying,

(ln—a)2+w2 E[X] = F — "V
v 7 (Ina)? + (vn)?

Rearranging the equation, yields the following:

v? nvs

EalX] = F (Ina)? + (vw)? (Ina)? + (vn)?
The inverse Modified Elzaki transform gives,

X
_F g1 1 w v3 nv3
T w % v (na)?+ (vw)? (Ina)? + (vn)?
Thus,
F .
X = o sin wt * sinnt
Which for n = w becomes,
X —S sin wt * sin wt
t
F .
== f sin wt sin(wt — wt) dt
0
t
F
== f(cos(Za)T — wt) —cos(wt)) dt
0
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= — [—sina)t—tcoswt
w lw

6.3 Application of Modified ELzaki Transform to Deflection of
Beams.
Consider the axially loaded strut subjected to equal and opposite
compressive forces at its ends and the crippling load P, which satisfies
the equation [20].
y" +nfy = Ajx

With y(0) = 0 and y'(3) = 0. Where 4; = —=n?, Apply modified

Elzaki transform to both sides, and used the initial condition y(0) = 0,
we have

Eoly" + n?y] = Eq[A;x]

Or
In a\? , 5
() Byl =1na £(0) = v £/(0) +n? Eqly]
173
1 (Ina)?
Rearranging the equation, yields the following:
Eqly]
v? v3
T'(lna)2+ (wvn)?2  (Ina)?
3
+£'(0)

(Ina)? + (vn)?

The inverse Modified Elzaki transform gives,

Ay 1 nv3

- ?E‘;l l; (In a)2 + (vn)? (Ina)?

(0)
(ln a)2 + (vn)
(0

= (x x sinnx) + sin nx

4

sin nx

Ay .
= 7[ tsin(nx — nt) dt +
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X
Ay .
= — | t(sinnxcosnrt
n

0

— cosnx sinnt)drt

f'(0)
n

+ sinnx

X
Ap
= —sinnx | tcosntdrt
n
0

X
Aq .
——cosnx | tsinntdrt
n
0

+ sin nx

£'(0)
n

Al . X . 2
= —SInnx —Slnnx+_2COSTlx—1/n
n n n

A4 X
— —Ccosnx [——cos nx
n n

1 '0) |
+—251n nx] + sinnx
n n

A [x 1 f’(o) )
= — ———251nnx] + sinnx
nin n
Thus,
A x <f’(0) Ay 1) .
y=—=—+ ——— | sinnx
nn n nn
A x .
=——+ A4, sinnx
nn
fl(0) 451
Put 4, = (52 - 745)
Now, since

’ _A1
y'(x) _E-I_AZ n cos nx

Appling the second initial condition y (%) =0,
we get

1 nL
O=E+A2 ncos7 - A,
A 1

2 nL
n°n cos—



Abhath Journal of Basic and Applied Sciences Vol. 1, No. 1, June 2022
1 ( w 2) 1 w 1
nL = o nL
ncos— 2pn cos—

Thus, the final solution is

w sinnx w

Y=ol 5. X
ancosn?L 2p

7. Conclusions.

Elzaki transform is an effective tool for creating analytic approximate
solution of scientific problems. Elzaki [6] first proposed it as a variation
of the traditional Sumudu and Laplace transform. For the quickest
computation time compared to other methods, this method is highly
recommended for solving ordinary and partial linear and non-linear
differential equations. As a follow-up, the purpose of this paper is to
propose a modified version of the Elzaki transform that is more general
and an efficient for solving differential equations. Modified ELzaki
Transform of some elementary functions are introduced. We presented its
existence and inverse transform as well as discussion of the general
properties of the Transform. We applied the Modified ELzaki Transform
to some class of ordinary differential equations which appearing in
physical and engineering applications. The result confirms that the
Modified ELzaki Transform technique is preferable to other transforms
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