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Boundary value problem for fractional neutral differential
equations with infinite delay

Mohammed S. Abdo*
Department of Mathematics, Hodeidah University, Al-Hudaydah, Yemen
E-mail:msabdo@hoduniv.net.ye

Abstract

In this article, we develop and extend some qualitative analyses of a class
of neutral functional differential equations involving a Caputo fractional
derivative over the infinite delay period. The existence and unigueness
results are proved based on an equivalent fractional integral equation
with the help of Banach contraction principle and Schauder's fixed point
theorem.

Keywords: Caputo fractional derivative; Neutral functional

differential equation; Existence of solution; Fixed point theorem.

Introduction

The existence of solutions to boundary value problems (BVPs) for
fractional functional differential equations (FFDEs) with finite delay
have been extensively studied, see [4-8,13] and references therein.
However, research for the existence of solutions for the BVPs of FDES
with infinite delay proceeded very slowly. Recently, Yong et al., in [12]
investigated the existence of positive solution for floquet BVP
concerning FFDE with finite delay

"D,y (©)=f t.y,), telob],
Ay, =Yy =9
where A >1 and b >0 with 0<a£1,°Dg+ is the Caputo's fractional
derivative of order o« , f :[0,b]xC[-r,0] >R is a given function
satisfying some assumptions, and ¢ <C[-r,0]. Their results were

obtained by using two fixed point theorems (FPTs) on appropriate cones.
Neutral FFDEs basically appeared as models of electrical networks
arising in high-speed computer systems, these problems are used to
interconnect switching circuits. For more details on such Neutral FFDEs,
we advise looking at the following papers [8,9,11,14-19,21], and
references therein.

“Corresponding Author: msabdo@hoduniv.net.ye
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Motivated by the above works, and inspired by [12], this paper is
concerned with the existence and uniqueness of the solution of the BVP
for nonlinear neutral FFDEs with an infinite delay of the type

‘Dplyt)-gt.y)l=f (t.y,), ted =[0b]l, (1)

BYo—Y, =0€B, onJ, =(-x,0], )

where 0<a <1, f>1,b >0, °D;. isthe Caputo fractional derivative of
order «,f,g : J;xB—>R are appropriate functions contains some
hypotheses that will be specified later, ¢ : J, = R in the phase spaceB,
and y,({)=y@t+J) for ¢ <0.

In this paper, our main objectives are highlighted as follows:

e Study the existence and uniqueness results of (1)-(2) with infinite

delay.
e We )(;educe that the equivalent operator has a fixed point, it means

that the problem (1)-(2) has one solution, which is also a unique
solution.

e The used techniques to demonstrate the existence and uniqueness
results are a variety of tools such as fractional calculus, Hélder
inequality, Lebesgue dominated convergence theorem, Arzela-Ascoli
theorem, Banach's and Schauder's FPTs (fixed point theorems).

Preliminaries

This section is devoted to recall some notaion, basic definitions and
preliminary facts from fractional calculus theory and nonlinear analysis
which will be used throughout this paper.

Let J, =[0,b], J, =(-,0],and J :=(-oo,b], (b >0). We denote by
C (J,,R) the Banach space of all continuous real functions defined on
J, endowed with the norm  |y|. =sup{ly () : t €J,} for any
y eC(@J,,R), and let L'(J,,R) (1< p <) the set of those Lebesgue
measurable functions y on J, such that

[y =(Ll|y(t)|”dt )é <,

For any teJ;, and y :J—R is continuous, we denote by
y, . J, = Rthe element of phase space B defined as
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V. () =yt +) forall S ed,.

Also we consider the space
G,={y :J>Rjy|,eB Yy |, eCU.R)}
where y |, is the restriction of y to J,.

Definition2.1. [2]. Let «o>0 be a fixed number. The left sided
Riemann-Liouville fractional integral of order « of a function
y :J1—>R is defined by

e )j(t Oy (S, t>0,

provided that the right hand side is pointwise defined onJ,.
Definition2.2. [3]. The left sided Riemann-Liouville derivative of order
a (O<a<1) forafunction y eI (J,,R)can be written as

D;y(t)—r(1 )dtj( ~$)“y(©)d¢ =Dy (), t>0.

Definition2.3. [3]. The left sided Caputo derivative of order «
(0<a <) for afunction y ec'(J,,R) is defined by

L.yt)=

Cngy(t)—m_ )J( —¢) Y ()¢ =T Dy (t), t>0.
Remark 2.1.

i) Let n—1<a<n (a¢N). Then the relationship between the
Caputo derivative and the Riemann-Liouville fractional
derivative of order « is given by

Dy O =0py -3 LD _ti-r, 50

oV =0 YT Lrg Tyt T

where n =[a]+1. Inparticular, if O0<a <1, then
¢ rye . y@ ..
DLyt)=DLy(t)—————t“, t>0.
Yy (t)=Dy(t) r-a)
ii) If @=neN and the classical derivativey ™ (t) of order n
exists, then
C e e (1))
D.y(t)=y™(), t>0.
i) The Caputo fractional derivative for every constant function
is equal to zero.

Lemma2.1. [3]. Let @ >0and y eL(J;,R).Then D; I’y (t)=Yy (),

3
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t €J,.Moreover, if 0O<a <L then T DIy (t)=yt)-y(0)t €J,.
Definition2.4. A function y G, is said to be a solution of the problem
(1)-(2) if y satisfies the Neutral FFDE °D; [y (t)-g(t,y )= (t.y,),
ted;,, where °D;g(t,y,) exists, and the following condition
BY,—Y, =¢<B holds too.

Definition2.5. [20]. A linear topological space of functions from J,
into R, with seminorm||-|_, is called an admissible phase space if B has

the following properties:
(H1) If y : J »>Ris continuous on J,and y, €B,then for every

t €J, the following conditions hold:
a. Yy, €B;

b. |y@)<H]|y,|,, where ~H>0 is a constant, and
[#(0)|<H|g|, forall geB;
c. ||yt||BSK(t)Os<l;g|y(§)l+M(t)||y0||B, where

K,M :[0,+x) —[0,+0) with K continuous and M
locally bounded, such that K,M are independent of
y (), where K, =sup{K(t): t €J} and
M, =sup{M (t): t €J,}.

(H2) For the function y(.)in (H1), the function t — vy, is continuous

from J,into B.

(H3) The space B is complete.
Lemma 2.2. [21] (Holder's inequality). Assume that p,q>1 and

s+e=11f f e’([a,b],R) and g eL'([a,b],R). Then Holder's
inequality for integrals states that

J:|f (t)g (t)|dt S(I:“ (t)|pdt)é(j:|g(t)|q dt)‘%_



Abhath Journal of Basic and Applied SciencesVol. 1, No. 1, June 2022
Main Results

In this section, we are concerned with the existence and uniqueness of
solution of the BVP for the Neutral FFDE (1)-(2). The following
assumptions will be used in the sequel.

(E1) There exists a L, >0such that

ft.y)—f Cy)<L|y,—Y,l,. t€d,y,y,eB
(E2) There exists a L, > 0such that

9. y)-9@.y,)|<Lyy,-Y.],. ted.y.y,eB.
(E3) The function f (t,): B— Ris continuous for every t €J,, and for
every x eB, the function f (-,x): J;, = R is strongly measurable.
(E4) There exist functions m eL’(J,,R), p>< and a continuously
nondecreasing function Y :[0,+w) —[0,+00) such that, for each t eJ;
and y eB,

& y)<m©Y(y],).
(E5) 6 is completely continuous and for any bounded set in G,, the set
{t >a(,y,): y, €B}is equicontinuous in C(J;,R) and there exist
constants ¢, €(0,1), ¢, €[0,+) such that, for t €J,and y eB

g y)=cilyf,+c.
Equivalent integral equation

In this subsection, we need the following auxiliary lemma to prove our
results on the problem (1)-(2):
Lemma 3.1. A solution vy (t)of the nonlinear neutral FFDE (1)-(2) on

J,is given by

gt,y)+ kst -y )de -2 a(0,2%)

+ 341 (00,y,) 475 50 ) (LY +4(0), tedy,

yt)=1 (gl +t,y,. )+ 5 b+t -0 (£,y,)dC)
~7090.2) + 55 (9 0,y,)

+r5 Bl =) £,y ) +9(0) + 42, ted, (3.1)
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Proof.Firstly, by (E3), it will be easy show that

=01 Gy g <en (32)
Applying the operator I, on both sides of the equation (1), we obtain
. ‘D (y®)-gt.y))=I.f t.y,).

In view of Lemma 2.1and Remark 2.1, the solution of equation (1) can be
written as

yt) =g, y )+Y(0)-9(0,Y,)
t—¢) d
" )j( —) M ¢y e

By the condition (2), we have By (0) =y (b) + #(0), it follows from (3.3)
that

(3.3)

y(O)——(g(b Ys)—9(0,Y,)
Al (3.4)
R o 2P -0) 7 (C.y ) +(0).
Also, we have
:yb_+¢_ 35
Yo y; (3.5)

From (3.3), (3.4) and (3.5), we get
gty )+ bt =) (S y )dg
y©)=1 -79(0.272)+7(gb.y,) (3.6)
+i B0 =) M £,y ) +9(0), ted,

Now, since t <b,if teJ,,then b+t eJ,. Thus from (2) and (3.6), we
obtain

(g0 +t,y,. )+ B +t =) M (£,y,)dC)
yt)=1 —59(022)+2L+2-(gb.y,) (3.7)

F(a) Bb-4)” °f (- y;)d§+¢(0)) teld,
From (3.6) and (3.7), the
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gt y,)+ 0t - (& y )d #5907
+745(9b.y,) + 758l - (£, y ) +6(0), ted,,
yt)=11(g0 +t.y,.)+5 B 0O+t =) (£y,)d <) (3.8)

~59(0.25) + 555 (9 0.y

+y B =) (£ y ) +4(0) +42, teld,
On the other hand, if (3.6) is satisfied, then by definition of I and
Remark 2.1, for each t €J,,we have

‘Di (y(t)-at.y,))
= ‘D “(r( )J( Oy )dE)

= ‘DI f(ty,)

a a “ L
= D0+ (Io+f (t’yt)_IO+f (t’yt) |I=0 m)

=D, I f (t,y,)

=f (t,y,).

According to (3.2), we know that I.f (t,y,)}_,=0,which means that
‘D (yt)-gt,y,)=f(t,y,) for ted, Finally, for every ¢el,,
then b +¢ €J,. Therefore, by (3.6) and (3.7), we get
BYo()=Yp () =By ()-yb+S)

—g0 +t,yb+t)+LjZ“(b =&)L,y )dE

Yo +9
ﬂl( )(ﬂl)

"0 -0) Ly A +H(0) + (<)

(g( Yb)

T

g0+ Y) - [ O+t =) (G )dC

1
IN'a)?o
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Y, +
ﬁl( FRRTELCLIE

20— (€LY N +40)

T

=¢(0),
l.e. BYy,—Y,=¢. So this completes the proof.

Existence Theorem

In this part, we give the result of existence that depends on the Schauder
FPT.
Theorem 3.1 Assume that hypotheses (E3)-(E5) hold. If

i sup Q) 1-(1+ jl)cK (a+1)
AP e K,

then there exists at least a solution to problem (1)-(2) onJ.
Proof. Transform the problem (1)-(2) into a fixed point problem.
Consider the operator N, : G, = G,, defined by

gt y)+ i bt =) (& y )d g —759 (0,757
+4(00.y,) + 5580 -0) M (£ y ) +4(0), ted,
MY)O) =1 2(g0 +t,y,.)+ 5 B0 +t =) (£,y,)d Q)
~7990.2) + 555 (90, y,)

+75 B - ) (£, y ) +4(0) + 52, ted,
Let Yy : J — R be the function defined by
&__g(o yb+¢

: (3.9)

A1
F(90.9,)+ 7250 - (£,¥,)d),
yO =1 “-19(0%%)+1[gb+t.Y,.,)

Fia e O V414 519 6. 7,)
+1a5 B0 =) (£, ) +4(0)], ted,

(3.10)
Then
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. 1 Yo +¢
=——11¢(0)-g(0,—=—-

1 B 1 b a-1 -
+ﬂ__1[g (b,yb)+@jo(b—§) f (& yd<]

For each w €C (J,,R)with w (0)=0,let w : J — R be the extension of
w to J such that

W _W(t), teld,,
©)= 0 ted,. (3.11)

Then, W, =0.If y(.) verifies the integral equation

y(t){g(t,ymﬁf%(t ~O"H Gy S -9 (0.5
+71[90,Y,) +i B0 - (£ y NS +9(0)], ted,

with BY,—-Y,=¢. By (3.10) and (3.11), we can writing

yt)=y@t)+w(), for teJ,, which implies vy, =Yy, +w,, for every

t €J, and the function w (.) satisfies

o 1 ¢ it o
w(t)=g<t,yt+wt>+@jo(t—§> f (.Y, +W, )d¢

- (3.12)
g (O,W), tind,

Moreover, w,=0. Set G, ={w G, such that w,=0}. For any
w €G,, we define

W, =W olly + . =supdw @)] : t €.}, (3.13)
Thus, (G}, M’”G; ) is a Banach space. Let N, : G, — G} be the operator
defined by

gt Y +W,) + 5 6 =) (&Y, +W ) S
(Nw)(t) = -9 (0,222, tel,

0, teld,.

(3.14)
Thus, (NZW )O =0.1t is evident that the operator N, has a fixed point is

equivalent to N, that has a fixed point too, and so we go ahead to proving
that N has a fixed point. By Schauder's FPT, the fixed points of the

9
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operator N, are solutions of the nonlinear neutral FFDE (1)-(2). The
proof will be divided into several steps.
Step 1:Nj is continuous. Let {w},_,be a sequence such that w , —»w

in G,as n —oo. Then for each t €J,, we get
(W, )(t) - (8w ()
S‘g(t’yt +(W ) )—g(t,Yt +V\7t)‘

1l O G 0,)) - (€Y, WA g
Y, +(W,), +¢ y, +W, +¢
0 -g(0,———)|.
+g ( S )mg 0 )

Thus, from the continuity of f and the complete continuity of g, it
follows from the Lebesgue dominated convergence theorem that

>0 as n—-w.
Gy

Therefore, the operator N, is continuous.
Step 2: N, maps bounded subsets into bounded subsets in G, .
Define a ball B, = fw €G] : |w|_. <r} and we prove that for any

r >0, there exists a positive constant ¢ such that

w €B,. Indeed, by (E4) and (E5), we have for any w € B, and for every
ted,

(ww)(©)| <[g ¢, ¥, +W >|+r( )j t—O) 7 (&Y, +w,)|d¢

Yo +W, +¢ ‘
0,20 "0 7%
+19( 1 )
g(c1||yt +W |, +¢,) (3.15)

T )I =) (Y, +w [ )md ¢

{cl CJ
B

Yy tW, +¢

Since

10
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Sup{|37(r)| 1 0<7<b}

e yb )
b
ﬂ . ﬂ 7o (@ ||g( )
— ) d
ﬂ 1T )j( $) (gyg)u §
CHldl
— Su t
W 1«y>£ 9.y
+—a sup |f (t,y
(B-DI'(a+)) (t,y)eEXJ @.y)
and
Hlgl,
Wole =—5—3 ﬂ 1 e loy)
btl
+—¥8———— sup |f (t,V¥).
G D P V)
Set ﬂ¢f+ﬁ21( S)UE? lg(t, y)|+(ﬂ T sueg)XB|f t.y) =K,
Therefore,
”yt +WI”B
SVARIUAR

<K O 300§ @ +M Ol +K O 51 i ()] +M O],
<K, Ky +M, K, +K, supw (7)|
O<r<t

<Ko (K, +My)+K,r (3.16)
=T, (3.17)
where M, =sup{M (t): t €J,}, and also,

- 1. .
¥, +W, + ¢ SACARIARITY

B
=%(K0<Kb+Mb>+Kbr+||¢||B) (3.18)

=T,

B

(3.19)
Now, by (E2), (E3) and use Holder's inequality, the (3.15) becomes

11
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OE %U;(t —Odg } [mll,

+(cyry +¢,)+(cyr, +¢,)
b m|

<(c,(r, +1)+ 2c2)+mY(ro)

=1,

p p

where q>1 f<a jei=lad ol =(mOf o) so

. < (. This means that N} maps bounded subsets into bounded
subsets in G;.

Step 3: N maps bounded subsets into equicontinuous. Let B, be a
bounded set of G} as defined in Step 2. Let w €B,and t,,t, €J, with
t, <t,,then we have

(W )(t,) - (Nw (1)
S‘g (tzi ytz +Wt2)_g (t1! Yt +V\7t )‘

r(ﬂ<u —O) = =) D (LY W )d S

H)IW—V”@YﬁWN4

By the complete continuity of § imply that
‘g (t, Y, +W, )-gt,Y, +V\7tl)‘ —0, ast, —>t,.
It follows from (E4), (3.14), (3.17) and Holder inequality that

12
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() () - (Nw ) t,)|
o s B ot

f (.Y, +W,)|d¢

ﬁ
r( )j (=) [f €.y +w)ldg
F( ) =)=, —§)a_l)m(§)Y(Hy4+W4H )¢
“rol [t - MYy, ] )¢
Y(ro) t el _ ~ya-1\q E
<t [0 -t yac] I,
Y(r) (a-1)q
B, -y nag |,
Y( 0)” ”p e, e €
SW(GI —tz )+2(t2 _tl) )
2
AEIm, e
e,l'(a)
where T, is defined as in Step 2, ef%’ and

e, =((a—-1)q +1)'ql >0. The conclusion is ‘(NZW)(tZ)—(NZW)(tl)‘—>O
as t,—t, =0, and since w is arbitrary in B, this implies that the set
N;B,_ is equicontinuous. As consequence of the Arzela--Ascoli theorem

with combining steps 1--3, we can conclude that N, : G, —>G; is

continuous and completely continuous.
To applying Schauder's FPT, we need to establish that there exists a
closed convex subset B, in G} such thatN;B_<B,.For each positive

integer &, we define B, =fw €G; : |w|_. <&}, then for eache, it is
easy to verify that B, is closed, convex subsets of G;.

We claim that there exists a positive integer &¢such that N;B_ < B,. If
this property is false, then for each positive integer &, there is a function

w,_eB, such that (Njw,)eN;B,, then HNst(t)H@ >¢ for some
t €J, where t“denotes t depending on & . However, by use the

13
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preceding assumptions we have

5<HN*W .
sl
< sup {\g(t,yz +(w )t)\+% [E-O 7 (€7, +07,),)|d¢

+

g(0 u)‘}

< sup {( 9.+ L fe-ormone

1
) I'x)

From (3.16) we have yt+(V\7€)t <K, (K, +M, )+K e =& , which
implies g:Kib—mK;—:Mb).Hence MT” <1&+1lg|, . it follows

from the Holder inequality that
&<Ko(K,+My)

+K,, sup {( £+C,) (68) (I (t-¢)“™d () Im],

O<t<b

+(%cl<§+||¢||3»+czj}

<K, (K, +M,)+K, [cl(§+%(§+||¢||5)+202j
bl K,

Y(&).
I'a+1) ©)
By dividing & on both sides and taking upper limit as & — +oo, we get,
1-(1+1)c K, T'(a+1
(Li)ekarerd) oY@
b [m]l, K, o
p
This is contrary to (3.9). Hence, for some positive integer ¢, we must
have N;B_ =B, i.e.N, : B, »>B_.

14
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An application of Schauder FPT shows that there exists at least a fixed

point w of N} in G;. Thus, y =y +W is a fixed point of N, inG,
which is the solution to (1)-(2) on J, and the proof is completed.

Uniqueness Theorem

In this portion, we give the result of uniqueness that depends on the
Banach FPT.
Theorem3.2. Assume that the conditions (E1) and (E2) are satisfied.
Moreover, if

2L, +b—Lf K, <1, (3.20)
I'a+1)
where K, =sup{K (t): t €J,}, then the nonlinear Neutral FFDE (1)-(2)

has a unique solution onJ.
Proof. Consider the operator N, : G, — G, defined by Theorem 3.1.

Here, the Banach FPT is concerned with proving that N; has a fixed
point. Since the operator N; is well defined, it is sufficient to prove that
N, : G, —G,is a contraction mapping. Indeed, in view of (E1), (E2)
and (3.14), then for each w ,@ < G} and for any t € J,,we have

() () - (N@)(0)|
S|g(t yt +W )_g(t:Yt +Z§t)|

Ty [ Gy ) (G e

+g(o,%gbﬂﬁ)_g(0ﬂ+?ﬁ¢)

<L (M _Z&” +|Wb_5b” )
F( ).[(t_ &)L HNC ¢Had4'

From (H1) and (3.13), for any ted;, we have
W, -, |, <K, |w _w”c;z . Hence

* * ba
\(mw)(t)—(mth)\s[ZLQ+F(a ] o -al;.

which implies
15
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| G*s[2|_g+ b* ijKb”N —w
z I'a+1)

It follows from (3.20) that N}, is a contraction operator. As a consequence
of the Banach contraction principle, we can conclude that N, has a unique
fixed point w e G which is just the unique solution to the integral
equation (3.12) on J,.Set y =y +W,then N, has a unique fixed point
y €G, that is the unique solution of the problem (1)-(2) on J.

Nw —N,@

-
Gy
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