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Abstract
Uncertainty-modeling frameworks such as fuzzy sets, intuitionistic fuzzy sets, hyperfuzzy sets, neu-
trosophic sets, and plithogenic sets have been widely adopted for representing and reasoning under
vagueness and imprecision. Neutrosophic sets assign each element three independent member-
ship values—truth, indeterminacy, and falsity—and their partitioned extensions introduce additional
components, subject to sum-bounded constraints. Notable examples include quadripartitioned, penta-
partitioned, and heptapartitioned neutrosophic sets. In this work, we formally define the hexa-, octa-,
nona-, and decapartitioned neutrosophic sets and prove that each can be naturally embedded within
the plithogenic set framework. This unifying representation facilitates a comprehensive approach to
neutrosophic set theory and broadens its potential applications.
Keywords: Neutrosophic Set, Quadripartitioned Neutrosophic Set, Pentapartitioned Neutrosophic
Set, Heptapartitioned Neutrosophic set

1 Introduction

1.1 Neutrosophic Set Theory

Uncertainty arises in many real-world problems, prompting the creation of diverse mathematical frameworks
to handle imprecision. Classical approaches such as fuzzy sets [1, 2, 3] and intuitionistic fuzzy sets [4, 5, 6] laid
the foundation, while more recent variants—vague sets [7], bipolar fuzzy sets [8], hesitant fuzzy sets[9, 10],
spherical fuzzy sets[11, 12], picture fuzzy sets[13, 14], and m-polar fuzzy sets [15, 16, 17]—introduce
additional layers of nuance. Extensions into the neutrosophic realm yield neutrosophic sets [18, 19, 20],
which assign to each element three independent measures—truth, indeterminacy, and falsity—each valued
in [0, 1], with their sum bounded by 3. Further refinements such as hyperneutrosophic sets [21, 22, 23] have
broadened the expressive power of these models.

Beyond these, rough sets [24, 25] and their variants—hyperrough sets [26]—address vagueness through
lower and upper approximations, while soft sets [27, 28] and hypersoft sets [29, 30] leverage parameterization
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to capture context-dependent uncertainty. Recently, plithogenic sets [31, 32, 33] have unified many of these
ideas by incorporating a contradiction function alongside multi-attribute membership degrees.

To distinguish subtle facets of ignorance and conflict, partitioned neutrosophic frameworks have been
developed:

• Quadripartitioned sets introduce a contradiction component, limiting the sum of four degrees to 4
[34, 35].

• Pentapartitioned sets add an unknown measure, with five components summing to at most 5 [36, 37].

• Heptapartitioned sets further distinguish relative truth and relative falsity, yielding seven degrees
bounded by 7 [38].

Moreover, the notions of double-valued neutrosophic sets [39, 40, 41, 42, 43, 44] and triple-valued neutro-
sophic sets [45, 46, 47, 48] have also been introduced and studied.

1.2 Our Contribution

This paper proposes four novel partitioned structures—hexapartitioned, octapartitioned, nonapartitioned,
and decapartitioned neutrosophic sets—and demonstrates how each can be embedded within the plithogenic
set framework. By presenting a unified construction, we establish a consistent foundation for these extended
models and pave the way for their application in complex-system analysis and decision support.

2 Preliminaries

We begin by recalling the definitions of the already established concepts of Neutrosophic Sets[49], Quadri-
partitioned Neutrosophic Sets[50, 51, 52, 53], Pentapartitioned Neutrosophic Sets [54, 55, 36], and Hepta-
partitioned Neutrosophic Sets [56, 57]. Throughout this paper, all sets are assumed to be finite. For the basic
operations associated with each concept, the reader is referred to the respective references.

Definition 2.1 (Neutrosophic Set). [58, 18] Let 𝑋 be a non-empty set. A Neutrosophic Set (NS) 𝐴 on 𝑋 is
characterized by three membership functions:

𝑇𝐴 : 𝑋 → [0, 1], 𝐼𝐴 : 𝑋 → [0, 1], 𝐹𝐴 : 𝑋 → [0, 1],

where for each 𝑥 ∈ 𝑋 , the values 𝑇𝐴(𝑥), 𝐼𝐴(𝑥), and 𝐹𝐴(𝑥) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0 ≤ 𝑇𝐴(𝑥) + 𝐼𝐴(𝑥) + 𝐹𝐴(𝑥) ≤ 3.

Definition 2.2 (Quadripartitioned Neutrosophic Set). [59, 60, 34, 61] Let 𝑈 be a non-empty universe. A
quadripartitioned neutrosophic set (Q-NS) 𝑄 on𝑈 is defined by

𝑄 =
{
⟨𝑥, 𝑇𝑄 (𝑥), 𝐶𝑄 (𝑥), 𝐺𝑄 (𝑥), 𝐹𝑄 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where
𝑇𝑄, 𝐶𝑄, 𝐺𝑄, 𝐹𝑄 : 𝑈 −→ [0, 1]

are the truth, contradiction, ignorance, and falsity membership functions, respectively, satisfying

0 ≤ 𝑇𝑄 (𝑥) + 𝐶𝑄 (𝑥) + 𝐺𝑄 (𝑥) + 𝐹𝑄 (𝑥) ≤ 4 for all 𝑥 ∈ 𝑈.
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Definition 2.3 (Pentapartitioned Neutrosophic Set). [62, 54] Let 𝑈 be a non-empty universe. A pentaparti-
tioned neutrosophic set (P-NS) 𝑃 on𝑈 is defined by

𝑃 =
{
⟨𝑥, 𝑇𝑃 (𝑥), 𝐶𝑃 (𝑥), 𝐺𝑃 (𝑥), 𝑈𝑃 (𝑥), 𝐹𝑃 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where
𝑇𝑃, 𝐶𝑃, 𝐺𝑃, 𝑈𝑃, 𝐹𝑃 : 𝑈 −→ [0, 1]

are the truth, contradiction, ignorance, unknown, and falsity membership functions, respectively, satisfying

0 ≤ 𝑇𝑃 (𝑥) + 𝐶𝑃 (𝑥) + 𝐺𝑃 (𝑥) +𝑈𝑃 (𝑥) + 𝐹𝑃 (𝑥) ≤ 5 for all 𝑥 ∈ 𝑈.

Definition 2.4 (Heptapartitioned Neutrosophic Set). [63, 64, 65] Let 𝑈 be a non-empty universe. A hepta-
partitioned neutrosophic set (H-NS) 𝐻 on𝑈 is defined by

𝐻 =
{
⟨𝑥, 𝑇𝐻 (𝑥), 𝑀𝐻 (𝑥), 𝐶𝐻 (𝑥), 𝑈𝐻 (𝑥), 𝐼𝐻 (𝑥), 𝐾𝐻 (𝑥), 𝐹𝐻 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where
𝑇𝐻 , 𝑀𝐻 , 𝐶𝐻 , 𝑈𝐻 , 𝐼𝐻 , 𝐾𝐻 , 𝐹𝐻 : 𝑈 −→ [0, 1]

are the truth, relative truth, contradiction, unknown, ignorance, relative falsity, and falsity membership
functions, respectively, satisfying

0 ≤ 𝑇𝐻 (𝑥) + 𝑀𝐻 (𝑥) + 𝐶𝐻 (𝑥) +𝑈𝐻 (𝑥) + 𝐼𝐻 (𝑥) + 𝐾𝐻 (𝑥) + 𝐹𝐻 (𝑥) ≤ 7 for all 𝑥 ∈ 𝑈.

Example 2.5 (Heptapartitioned Neutrosophic Set in Candidate Evaluation). Candidate Evaluation refers to
the process of assessing individuals’ qualifications, skills, and suitability for specific roles or opportunities
(cf.[66, 67, 68]). Consider three job candidates:

𝑈 = {Alice, Bob, Carol}.

We model the hiring committee’s uncertainty with a heptapartitioned neutrosophic set

𝐻 =
{
⟨𝑥, 𝑇𝐻 (𝑥), 𝑀𝐻 (𝑥), 𝐶𝐻 (𝑥), 𝑈𝐻 (𝑥), 𝐼𝐻 (𝑥), 𝐾𝐻 (𝑥), 𝐹𝐻 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where each membership function represents:

• 𝑇𝐻 (𝑥): strong positive recommendation (truth),

• 𝑀𝐻 (𝑥): moderate positive evaluation (relative truth),

• 𝐶𝐻 (𝑥): conflicting feedback (contradiction),

• 𝑈𝐻 (𝑥): aspects not reviewed (unknown),

• 𝐼𝐻 (𝑥): lack of information (ignorance),

• 𝐾𝐻 (𝑥): moderate negative evaluation (relative falsity),

• 𝐹𝐻 (𝑥): strong negative recommendation (falsity).

A possible assignment is:

𝐻 (Alice) =
(
0.6, 0.2, 0.1, 0.0, 0.1, 0.0, 0.0

)
,

𝐻 (Bob) =
(
0.3, 0.0, 0.2, 0.1, 0.1, 0.2, 0.1

)
,

𝐻 (Carol) =
(
0.0, 0.1, 0.3, 0.2, 0.2, 0.1, 0.1

)
.

Here, for each candidate 𝑥,

0 ≤ 𝑇𝐻 (𝑥) + 𝑀𝐻 (𝑥) + 𝐶𝐻 (𝑥) +𝑈𝐻 (𝑥) + 𝐼𝐻 (𝑥) + 𝐾𝐻 (𝑥) + 𝐹𝐻 (𝑥) ≤ 7.

Thus 𝐻 captures varied degrees of support, conflict, and gaps in information for each candidate.
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3 Main Results of this Paper

The results of this paper are presented as follows.

3.1 Hexapartitioned Neutrosophic Set

A Hexapartitioned Neutrosophic Set assigns six membership degrees—truth, contradiction, ignorance, un-
known, hesitation, and falsity—to each element, such that their sum does not exceed six. This concept is
developed with reference to works such as [69]. The formal definition is provided below.

Definition 3.1 (Hexapartitioned Neutrosophic Set). (cf.[69]) Let 𝑈 be a non-empty universe. A hexaparti-
tioned neutrosophic set 𝑁 on𝑈 is an object of the form

𝑁 =
{
⟨𝑥, 𝑇 (𝑥), 𝐶 (𝑥), 𝐺 (𝑥), 𝑈 (𝑥), 𝐻 (𝑥), 𝐹 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where
𝑇, 𝐶, 𝐺, 𝑈, 𝐻, 𝐹 : 𝑈 −→ [0, 1]

are the truth, contradiction, ignorance, unknown, hesitation, and falsity membership functions, respectively,
subject to

0 ≤ 𝑇 (𝑥) + 𝐶 (𝑥) + 𝐺 (𝑥) +𝑈 (𝑥) + 𝐻 (𝑥) + 𝐹 (𝑥) ≤ 6 for all 𝑥 ∈ 𝑈.
Here we have replaced the “ambiguous” component found in some hexa-valued schemes by the ignorance
membership 𝐺 (𝑥).

Example 3.2 (Medical Diagnosis for Disease 𝑋). Medical diagnosis is the process of identifying a disease
or condition by evaluating a patient’s symptoms, history, and test results (cf.[70, 71, 72]). Consider three
patients undergoing evaluation for Disease 𝑋:

𝑈 = {Alice, Bob, Charlie}.

We define a hexapartitioned neutrosophic set

𝑁 =
{
⟨𝑥, 𝑇 (𝑥), 𝐶 (𝑥), 𝐺 (𝑥), 𝑈 (𝑥), 𝐻 (𝑥), 𝐹 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where the membership functions are interpreted as:

• 𝑇 (𝑥): degree of positive test evidence (truth),

• 𝐶 (𝑥): degree of conflicting test results (contradiction),

• 𝐺 (𝑥): degree of missing test information (ignorance),

• 𝑈 (𝑥): degree of unperformed tests (unknown),

• 𝐻 (𝑥): degree of inconclusive or borderline results (hesitation),

• 𝐹 (𝑥): degree of negative test evidence (falsity).

A concrete assignment might be:

𝑁 = { ⟨Alice, 0.9, 0.0, 0.0, 0.1, 0.0, 0.0⟩,
⟨Bob, 0.5, 0.3, 0.0, 0.0, 0.2, 0.0⟩,
⟨Charlie, 0.0, 0.0, 0.8, 0.1, 0.1, 0.0⟩ },

where for each patient 𝑥:

𝑇 (𝑥) + 𝐶 (𝑥) + 𝐺 (𝑥) +𝑈 (𝑥) + 𝐻 (𝑥) + 𝐹 (𝑥) ≤ 6.
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• Alice: high positive evidence (𝑇 = 0.9), minor unknowns (𝑈 = 0.1), no conflict or hesitation.

• Bob: moderate positive (𝑇 = 0.5), conflicting results (𝐶 = 0.3), some hesitation (𝐻 = 0.2).

• Charlie: no test performed (𝑈 = 0.1), large missing information (𝐺 = 0.8), slight hesitation (𝐻 = 0.1).

This set 𝑁 captures, in a unified way, varying degrees of test outcomes, missing data, and inconclusiveness
in the medical diagnosis context.

Theorem 3.3 (Hexapartitioned Generalizes Pentapartitioned). Let𝑈 be a non-empty universe and let

𝑃 =
{
⟨𝑥, 𝑇𝑃 (𝑥), 𝐶𝑃 (𝑥), 𝐺𝑃 (𝑥), 𝑈𝑃 (𝑥), 𝐹𝑃 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
be a pentapartitioned neutrosophic set on𝑈, with

𝑇𝑃, 𝐶𝑃, 𝐺𝑃, 𝑈𝑃, 𝐹𝑃 : 𝑈 → [0, 1], 𝑇𝑃 (𝑥) + 𝐶𝑃 (𝑥) + 𝐺𝑃 (𝑥) +𝑈𝑃 (𝑥) + 𝐹𝑃 (𝑥) ≤ 5 ∀ 𝑥 ∈ 𝑈.

Define functions

𝑇 (𝑥) := 𝑇𝑃 (𝑥), 𝐶 (𝑥) := 𝐶𝑃 (𝑥), 𝐺 (𝑥) := 𝐺𝑃 (𝑥), 𝑈 (𝑥) := 𝑈𝑃 (𝑥), 𝐻 (𝑥) := 0, 𝐹 (𝑥) := 𝐹𝑃 (𝑥),

and let
𝑁 =

{
⟨𝑥, 𝑇 (𝑥), 𝐶 (𝑥), 𝐺 (𝑥), 𝑈 (𝑥), 𝐻 (𝑥), 𝐹 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
.

Then 𝑁 is a hexapartitioned neutrosophic set on 𝑈 which restricts to 𝑃 when the sixth component 𝐻 is
omitted.

Proof. We must show (i) 𝑁 satisfies the hexapartitioned membership sum bound and (ii) it recovers 𝑃 by
projection.

(i) Validity as a hexapartitioned set. By construction,

𝑇 (𝑥), 𝐶 (𝑥), 𝐺 (𝑥),𝑈 (𝑥), 𝐻 (𝑥), 𝐹 (𝑥) ∈ [0, 1],

and for each 𝑥,

𝑇 (𝑥) + 𝐶 (𝑥) + 𝐺 (𝑥) +𝑈 (𝑥) + 𝐻 (𝑥) + 𝐹 (𝑥) = 𝑇𝑃 (𝑥) + 𝐶𝑃 (𝑥) + 𝐺𝑃 (𝑥) +𝑈𝑃 (𝑥) + 0 + 𝐹𝑃 (𝑥) ≤ 5 ≤ 6.

Therefore 𝑁 meets the requirement
∑

ℓ∈{𝑇,𝐶,𝐺,𝑈,𝐻,𝐹 } ℓ(𝑥) ≤ 6, so 𝑁 is a valid hexapartitioned neutrosophic
set.

(ii) Projection recovers 𝑃. Consider the projection map 𝜋 : [𝑇, 𝐶, 𝐺,𝑈, 𝐻, 𝐹] ↦→ [𝑇, 𝐶, 𝐺,𝑈, 𝐹]. By
definition of 𝑁 , for every 𝑥,

𝜋
(
𝑇 (𝑥), 𝐶 (𝑥), 𝐺 (𝑥),𝑈 (𝑥), 𝐻 (𝑥), 𝐹 (𝑥)

)
=
(
𝑇𝑃 (𝑥), 𝐶𝑃 (𝑥), 𝐺𝑃 (𝑥),𝑈𝑃 (𝑥), 𝐹𝑃 (𝑥)

)
.

Hence the pentatuple from 𝑃 is exactly obtained from the sextuple in 𝑁 . This shows 𝑃 is embedded in 𝑁 .
Since both (i) and (ii) hold, hexapartitioned sets indeed generalize pentapartitioned sets. □
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3.2 Octapartitioned Neutrosophic Set

An Octapartitioned Neutrosophic Set assigns eight membership degrees—truth, relative truth, contradiction,
unknown, ignorance, hesitancy, relative falsity, falsity—to each element.

Definition 3.4 (Octapartitioned Neutrosophic Set). Let 𝑈 be a non-empty universe. An octapartitioned
neutrosophic set (O-NS) 𝑂 on𝑈 is defined by

𝑂 =
{
⟨𝑥, 𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥), 𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where
𝑇𝑂, 𝑀𝑂, 𝐶𝑂, 𝑈𝑂, 𝐼𝑂, 𝐾𝑂, 𝐻𝑂, 𝐹𝑂 : 𝑈 −→ [0, 1]

are the truth, relative truth, contradiction, unknown, ignorance, relative falsity, hesitancy, and falsity
membership functions, respectively, satisfying for all 𝑥 ∈ 𝑈:

0 ≤ 𝑇𝑂 (𝑥) + 𝑀𝑂 (𝑥) + 𝐶𝑂 (𝑥) + 𝑈𝑂 (𝑥) + 𝐼𝑂 (𝑥) + 𝐾𝑂 (𝑥) + 𝐻𝑂 (𝑥) + 𝐹𝑂 (𝑥) ≤ 8.

Here:

• 𝑇𝑂 (𝑥) is the degree of truth,

• 𝑀𝑂 (𝑥) is the degree of relative truth,

• 𝐶𝑂 (𝑥) is the degree of contradiction,

• 𝑈𝑂 (𝑥) is the degree of unknown,

• 𝐼𝑂 (𝑥) is the degree of ignorance,

• 𝐻𝑂 (𝑥) is the degree of hesitancy,

• 𝐾𝑂 (𝑥) is the degree of relative falsity,

• 𝐹𝑂 (𝑥) is the degree of falsity.

Example 3.5 (Loan Application Risk Assessment). Risk assessment is the systematic process of identifying,
analyzing, and evaluating potential hazards to minimize impact and ensure informed decisions (cf.[73, 74,
75]). A bank evaluates three loan applicants. Let

𝑈 = {Alice, Bob, Charlie}

be the set of applicants. We model the assessment as an octapartitioned neutrosophic set

𝑂 =
{
⟨𝑥, 𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥), 𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where each membership function represents:

• 𝑇𝑂 (𝑥): confidence in approving the loan (truth),

• 𝑀𝑂 (𝑥): relative confidence (strong applicant) (relative truth),

• 𝐶𝑂 (𝑥): presence of conflicting information (contradiction),

• 𝑈𝑂 (𝑥): missing documentation (unknown),
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• 𝐼𝑂 (𝑥): insufficient credit history (ignorance),

• 𝐾𝑂 (𝑥): relative risk factors (relative falsity),

• 𝐻𝑂 (𝑥): borderline credit score (hesitancy),

• 𝐹𝑂 (𝑥): reasons for outright rejection (falsity).

A specific assignment might be:

𝑂 = { ⟨Alice, 0.7, 0.2, 0.0, 0.0, 0.1, 0.0, 0.0, 0.0⟩,
⟨Bob, 0.4, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.0⟩,
⟨Charlie, 0.1, 0.0, 0.2, 0.3, 0.2, 0.1, 0.0, 0.1⟩ }.

Here:

• Alice has high approval confidence (𝑇𝑂 = 0.7) and strong credit history (𝑀𝑂 = 0.2), with a small gap
in credit history (𝐼𝑂 = 0.1).

• Bob shows mixed signals: moderate approval (𝑇𝑂 = 0.4), some conflicting data (𝐶𝑂 = 0.1), missing
document (𝑈𝑂 = 0.1), and borderline factors (𝐻𝑂 = 0.1, 𝐾𝑂 = 0.1).

• Charlie has low approval (𝑇𝑂 = 0.1), notable contradictions in application (𝐶𝑂 = 0.2), substantial
unknowns (𝑈𝑂 = 0.3), and some outright rejection reasons (𝐹𝑂 = 0.1).

Each tuple’s components lie in [0, 1] and their sum does not exceed 8, making 𝑂 a valid octapartitioned
neutrosophic set that captures the nuanced, multi-faceted uncertainty in loan risk assessment.

Theorem 3.6 (Octapartitioned Generalizes Hexapartitioned). Let𝑈 be a non-empty universe and let

𝐻 =
{
⟨𝑥, 𝑇𝐻 (𝑥), 𝐶𝐻 (𝑥), 𝐺𝐻 (𝑥), 𝑈𝐻 (𝑥), 𝐻𝐻 (𝑥), 𝐹𝐻 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
be a hexapartitioned neutrosophic set on𝑈, where

𝑇𝐻 , 𝐶𝐻 , 𝐺𝐻 , 𝑈𝐻 , 𝐻𝐻 , 𝐹𝐻 : 𝑈 −→ [0, 1]

are the truth, contradiction, ignorance, unknown, hesitation, and falsity membership functions, respectively,
satisfying

𝑇𝐻 (𝑥) + 𝐶𝐻 (𝑥) + 𝐺𝐻 (𝑥) +𝑈𝐻 (𝑥) + 𝐻𝐻 (𝑥) + 𝐹𝐻 (𝑥) ≤ 6 ∀ 𝑥 ∈ 𝑈.

Define on𝑈 the eight functions

𝑇𝑂 (𝑥) := 𝑇𝐻 (𝑥), 𝑀𝑂 (𝑥) := 0,
𝐶𝑂 (𝑥) := 𝐶𝐻 (𝑥), 𝑈𝑂 (𝑥) := 𝑈𝐻 (𝑥),
𝐼𝑂 (𝑥) := 𝐺𝐻 (𝑥), 𝐾𝑂 (𝑥) := 0,
𝐻𝑂 (𝑥) := 𝐻𝐻 (𝑥), 𝐹𝑂 (𝑥) := 𝐹𝐻 (𝑥).

Then
𝑂 =

{
⟨𝑥, 𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥),𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
is an octapartitioned neutrosophic set on 𝑈 which restricts to 𝐻 when the two added components 𝑀𝑂 and
𝐾𝑂 are omitted.
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Proof. We verify that 𝑂 satisfies the octapartitioned requirements and projects back to 𝐻.

(i) Validity as an octapartitioned set. By construction each𝑇𝑂, 𝐶𝑂, . . . , 𝐹𝑂 takes values in [0, 1]. Moreover,
for every 𝑥 ∈ 𝑈:

𝑇𝑂 (𝑥) + 𝑀𝑂 (𝑥) + 𝐶𝑂 (𝑥) +𝑈𝑂 (𝑥) +
𝐼𝑂 (𝑥) + 𝐾𝑂 (𝑥) + 𝐻𝑂 (𝑥) + 𝐹𝑂 (𝑥) = 𝑇𝐻 (𝑥) + 𝐶𝐻 (𝑥) + 𝐺𝐻 (𝑥)

+𝑈𝐻 (𝑥) + 𝐻𝐻 (𝑥) + 𝐹𝐻 (𝑥)
≤ 6 ≤ 8.

Hence 𝑂 satisfies the sum-bound ≤ 8 of an octapartitioned neutrosophic set.

(ii) Projection recovers 𝐻. Define the projection 𝜋 : [𝑇, 𝑀,𝐶,𝑈, 𝐼, 𝐾, 𝐻, 𝐹] ↦→ [𝑇, 𝐶, 𝐺,𝑈, 𝐻, 𝐹]. Then
for each 𝑥 ∈ 𝑈:

𝜋
(
𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥),𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥)

)
=
(
𝑇𝐻 (𝑥), 𝐶𝐻 (𝑥), 𝐺𝐻 (𝑥),𝑈𝐻 (𝑥), 𝐻𝐻 (𝑥), 𝐹𝐻 (𝑥)

)
,

which exactly reproduces the six-tuple defining 𝐻.
Since both the octapartitioned conditions and the recovery of 𝐻 hold, we conclude that every hexaparti-

tioned neutrosophic set can be seen as a special case of an octapartitioned neutrosophic set. □

Theorem 3.7 (Octapartitioned Generalizes Heptapartitioned). Let𝑈 be a non-empty universe and let

𝐻 =
{
⟨𝑥, 𝑇𝐻 (𝑥), 𝑀𝐻 (𝑥), 𝐶𝐻 (𝑥), 𝑈𝐻 (𝑥), 𝐼𝐻 (𝑥), 𝐾𝐻 (𝑥), 𝐹𝐻 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
be a heptapartitioned neutrosophic set on𝑈, where

𝑇𝐻 , 𝑀𝐻 , 𝐶𝐻 , 𝑈𝐻 , 𝐼𝐻 , 𝐾𝐻 , 𝐹𝐻 : 𝑈 → [0, 1]

and
𝑇𝐻 (𝑥) + 𝑀𝐻 (𝑥) + 𝐶𝐻 (𝑥) +𝑈𝐻 (𝑥) + 𝐼𝐻 (𝑥) + 𝐾𝐻 (𝑥) + 𝐹𝐻 (𝑥) ≤ 7 ∀ 𝑥 ∈ 𝑈.

Define new functions on𝑈 by

𝑇𝑂 (𝑥) := 𝑇𝐻 (𝑥), 𝑀𝑂 (𝑥) := 𝑀𝐻 (𝑥), 𝐶𝑂 (𝑥) := 𝐶𝐻 (𝑥), 𝑈𝑂 (𝑥) := 𝑈𝐻 (𝑥),

𝐼𝑂 (𝑥) := 𝐼𝐻 (𝑥), 𝐾𝑂 (𝑥) := 𝐾𝐻 (𝑥), 𝐻𝑂 (𝑥) := 0, 𝐹𝑂 (𝑥) := 𝐹𝐻 (𝑥).

Then
𝑂 =

{
⟨𝑥, 𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥), 𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
is an octapartitioned neutrosophic set on𝑈 which restricts to𝐻 when the hesitancy component𝐻𝑂 is omitted.

Proof. We verify two requirements:

(i) Validity as an octapartitioned set. By construction, for each 𝑥 ∈ 𝑈,

𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥),𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥) ∈ [0, 1],

and
𝑇𝑂 (𝑥) + 𝑀𝑂 (𝑥) + 𝐶𝑂 (𝑥) +𝑈𝑂 (𝑥) + 𝐼𝑂 (𝑥) + 𝐾𝑂 (𝑥) + 𝐻𝑂 (𝑥) + 𝐹𝑂 (𝑥)

= 𝑇𝐻 (𝑥) + 𝑀𝐻 (𝑥) + 𝐶𝐻 (𝑥) +𝑈𝐻 (𝑥) + 𝐼𝐻 (𝑥) + 𝐾𝐻 (𝑥) + 0 + 𝐹𝐻 (𝑥)
≤ 7 ≤ 8.
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Thus 𝑂 satisfies the octapartitioned sum-bound ≤ 8.

(ii) Projection recovers 𝐻. Define the projection 𝜋 : [𝑇, 𝑀,𝐶,𝑈, 𝐼, 𝐾, 𝐻, 𝐹] ↦→ [𝑇, 𝑀,𝐶,𝑈, 𝐼, 𝐾, 𝐹].
Then for each 𝑥,

𝜋
(
𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥),𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥)

)
=
(
𝑇𝐻 (𝑥), 𝑀𝐻 (𝑥), 𝐶𝐻 (𝑥),𝑈𝐻 (𝑥), 𝐼𝐻 (𝑥), 𝐾𝐻 (𝑥), 𝐹𝐻 (𝑥)

)
,

which are exactly the seven components of 𝐻. Hence 𝐻 embeds into 𝑂.
Having established both (i) and (ii), we conclude that every heptapartitioned neutrosophic set can be

viewed as a special case of an octapartitioned neutrosophic set. □

3.3 Nonapartitioned Neutrosophic Set

A Nonapartitioned Neutrosophic Set assigns nine membership degrees—truth, two truth levels, contradiction,
unknown, ignorance, two falsity levels, and falsity—to each element.

Definition 3.8 (Nonapartitioned Neutrosophic Set). Let 𝑈 be a non-empty universe. A nonapartitioned
neutrosophic set (N-NS) 𝑁 on𝑈 is defined by

𝑁 =
{
⟨𝑥, 𝑇𝑁 (𝑥), 𝑆𝑇𝑁 (𝑥), 𝑊𝑇𝑁 (𝑥), 𝐶𝑁 (𝑥), 𝑈𝑁 (𝑥), 𝐼𝑁 (𝑥), 𝑆𝐹𝑁 (𝑥), 𝑊𝐹𝑁 (𝑥), 𝐹𝑁 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where
𝑇𝑁 , 𝑆𝑇𝑁 , 𝑊𝑇𝑁 , 𝐶𝑁 , 𝑈𝑁 , 𝐼𝑁 , 𝑆𝐹𝑁 , 𝑊𝐹𝑁 , 𝐹𝑁 : 𝑈 −→ [0, 1]

are the truth, strongly relative truth, weakly relative truth, contradiction, unknown, ignorance, strongly
relative falsity, weakly relative falsity, and falsity membership functions, respectively, subject to

0 ≤ 𝑇𝑁 (𝑥)+𝑆𝑇𝑁 (𝑥)+𝑊𝑇𝑁 (𝑥)+𝐶𝑁 (𝑥)+𝑈𝑁 (𝑥)+𝐼𝑁 (𝑥)+𝑆𝐹𝑁 (𝑥)+𝑊𝐹𝑁 (𝑥)+𝐹𝑁 (𝑥) ≤ 9 for all 𝑥 ∈ 𝑈.

Example 3.9 (Nonapartitioned Neutrosophic Set: Product Review). Customer evaluation is the process of
assessing customer satisfaction, feedback, and behavior to improve products, services, and overall business
performance (cf.[76, 77, 78]). Let

𝑈 = {Product𝐴, Product𝐵, Product𝐶}

be three products under customer evaluation. We define a nonapartitioned neutrosophic set

𝑁 =
{
⟨𝑥, 𝑇𝑁 (𝑥), 𝑆𝑇𝑁 (𝑥), 𝑊𝑇𝑁 (𝑥), 𝐶𝑁 (𝑥), 𝑈𝑁 (𝑥), 𝐼𝑁 (𝑥), 𝑆𝐹𝑁 (𝑥), 𝑊𝐹𝑁 (𝑥), 𝐹𝑁 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where each membership degree represents:

• 𝑇𝑁 (𝑥): strong positive reviews (truth),

• 𝑆𝑇𝑁 (𝑥): very high satisfaction (strongly relative truth),

• 𝑊𝑇𝑁 (𝑥): mild satisfaction (weakly relative truth),

• 𝐶𝑁 (𝑥): conflicting opinions (contradiction),

• 𝑈𝑁 (𝑥): missing ratings (unknown),

• 𝐼𝑁 (𝑥): lack of expert analysis (ignorance),

• 𝑆𝐹𝑁 (𝑥): severe flaws noted (strongly relative falsity),
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• 𝑊𝐹𝑁 (𝑥): minor issues noted (weakly relative falsity),

• 𝐹𝑁 (𝑥): outright negative consensus (falsity).

A concrete instantiation is:

𝑁 = { ⟨Product𝐴, 0.5, 0.3, 0.1, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0⟩,
⟨Product𝐵, 0.2, 0.1, 0.1, 0.2, 0.1, 0.1, 0.1, 0.1, 0.0⟩,
⟨Product𝐶 , 0.0, 0.0, 0.2, 0.0, 0.2, 0.3, 0.1, 0.1, 0.0⟩ },

where for each 𝑥 ∈ 𝑈,

0 ≤ 𝑇𝑁 (𝑥) + 𝑆𝑇𝑁 (𝑥) +𝑊𝑇𝑁 (𝑥) + 𝐶𝑁 (𝑥) +𝑈𝑁 (𝑥) + 𝐼𝑁 (𝑥) + 𝑆𝐹𝑁 (𝑥) +𝑊𝐹𝑁 (𝑥) + 𝐹𝑁 (𝑥) ≤ 9.

This example captures nuanced customer sentiments including missing data and conflicting feedback.

Theorem 3.10 (Nonapartitioned Generalizes Heptapartitioned). Let𝑈 be a non-empty universe and let

𝐻 =
{
⟨𝑥, 𝑇𝐻 (𝑥), 𝑀𝐻 (𝑥), 𝐶𝐻 (𝑥), 𝑈𝐻 (𝑥), 𝐼𝐻 (𝑥), 𝐾𝐻 (𝑥), 𝐹𝐻 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
be a heptapartitioned neutrosophic set on𝑈, with

𝑇𝐻 , 𝑀𝐻 , 𝐶𝐻 , 𝑈𝐻 , 𝐼𝐻 , 𝐾𝐻 , 𝐹𝐻 : 𝑈 → [0, 1], 𝑇𝐻 (𝑥)+𝑀𝐻 (𝑥)+𝐶𝐻 (𝑥)+𝑈𝐻 (𝑥)+𝐼𝐻 (𝑥)+𝐾𝐻 (𝑥)+𝐹𝐻 (𝑥) ≤ 7.

Define for each 𝑥 ∈ 𝑈:

𝑇𝑁 (𝑥) := 𝑇𝐻 (𝑥), 𝑆𝑇𝑁 (𝑥) := 𝑀𝐻 (𝑥), 𝑊𝑇𝑁 (𝑥) := 0,
𝐶𝑁 (𝑥) := 𝐶𝐻 (𝑥), 𝑈𝑁 (𝑥) := 𝑈𝐻 (𝑥), 𝐼𝑁 (𝑥) := 𝐼𝐻 (𝑥),
𝑆𝐹𝑁 (𝑥) := 𝐾𝐻 (𝑥), 𝑊𝐹𝑁 (𝑥) := 0, 𝐹𝑁 (𝑥) := 𝐹𝐻 (𝑥).

Then

𝑁 =
{
⟨𝑥, 𝑇𝑁 (𝑥), 𝑆𝑇𝑁 (𝑥),𝑊𝑇𝑁 (𝑥), 𝐶𝑁 (𝑥),𝑈𝑁 (𝑥), 𝐼𝑁 (𝑥), 𝑆𝐹𝑁 (𝑥),𝑊𝐹𝑁 (𝑥), 𝐹𝑁 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
is a nonapartitioned neutrosophic set on𝑈 which projects to 𝐻 by omitting the zero-valued components.

Proof. By construction, each 𝑇𝑁 , 𝑆𝑇𝑁 , . . . , 𝐹𝑁 maps into [0, 1]. Moreover, for every 𝑥:

𝑇𝑁 (𝑥) + 𝑆𝑇𝑁 (𝑥) +𝑊𝑇𝑁 (𝑥) + 𝐶𝑁 (𝑥) +𝑈𝑁 (𝑥) + 𝐼𝑁 (𝑥) + 𝑆𝐹𝑁 (𝑥) +𝑊𝐹𝑁 (𝑥) + 𝐹𝑁 (𝑥)
= 𝑇𝐻 (𝑥) + 𝑀𝐻 (𝑥) + 0 + 𝐶𝐻 (𝑥) +𝑈𝐻 (𝑥) + 𝐼𝐻 (𝑥) + 𝐾𝐻 (𝑥) + 0 + 𝐹𝐻 (𝑥)
= 𝑇𝐻 (𝑥) + 𝑀𝐻 (𝑥) + 𝐶𝐻 (𝑥) +𝑈𝐻 (𝑥) + 𝐼𝐻 (𝑥) + 𝐾𝐻 (𝑥) + 𝐹𝐻 (𝑥) ≤ 7 ≤ 9.

Hence𝑁 satisfies the nonapartitioned sum-bound. The projection that deletes𝑊𝑇𝑁 and𝑊𝐹𝑁 recovers exactly
the seven-tuple defining 𝐻. Therefore every heptapartitioned neutrosophic set embeds into a nonapartitioned
neutrosophic set. □

3.4 Decapartitioned Neutrosophic Set

A Decapartitioned Neutrosophic Set assigns ten membership degrees—truth, two levels of truth, contradic-
tion, unknown, ignorance, hesitation, two levels of falsity, and falsity—to each element.
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Definition 3.11 (Decapartitioned Neutrosophic Set). Let 𝑈 be a non-empty universe. A decapartitioned
neutrosophic set (D-NS) 𝐷 on𝑈 is defined by

𝐷 =
{
⟨𝑥, 𝑇 (𝑥), SRT(𝑥), WRT(𝑥), 𝐶 (𝑥), 𝑈 (𝑥), 𝐼 (𝑥), 𝐻 (𝑥), SRF(𝑥), WRF(𝑥), 𝐹 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

where the ten membership functions

𝑇, SRT, WRT, 𝐶, 𝑈, 𝐼, 𝐻, SRF, WRF, 𝐹 : 𝑈 −→ [0, 1]

represent:

• 𝑇 (𝑥): truth,

• SRT(𝑥): strongly relative truth,

• WRT(𝑥): weakly relative truth,

• 𝐶 (𝑥): contradiction,

• 𝑈 (𝑥): unknown,

• 𝐼 (𝑥): ignorance,

• 𝐻 (𝑥): hesitancy,

• SRF(𝑥): strongly relative falsity,

• WRF(𝑥): weakly relative falsity,

• 𝐹 (𝑥): falsity,

subject to the condition

0 ≤ 𝑇 (𝑥) + SRT(𝑥) + WRT(𝑥) + 𝐶 (𝑥) +𝑈 (𝑥) + 𝐼 (𝑥) + 𝐻 (𝑥) + SRF(𝑥) + WRF(𝑥) + 𝐹 (𝑥) ≤ 10,

for all 𝑥 ∈ 𝑈.

Example 3.12 (Smartphone Review Evaluation). (cf.[79, 80]) A retailer evaluates three smartphone models
based on customer and expert feedback. Let

𝑈 = {Phone𝐴, Phone𝐵, Phone𝐶}.

We represent the overall evaluation as a decapartitioned neutrosophic set

𝐷 =
{
⟨𝑥, 𝑇 (𝑥), SRT(𝑥), WRT(𝑥), 𝐶 (𝑥), 𝑈 (𝑥), 𝐼 (𝑥), 𝐻 (𝑥), SRF(𝑥), WRF(𝑥), 𝐹 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
,

with membership functions interpreted as follows:

• 𝑇 (𝑥): strong positive consensus (truth),

• SRT(𝑥): strongly relative positive (exceeds expectations),

• WRT(𝑥): weakly relative positive (slightly above average),

• 𝐶 (𝑥): contradictory opinions,

• 𝑈 (𝑥): unknown (no data for some features),
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• 𝐼 (𝑥): ignorance (lack of expert reviews),

• 𝐻 (𝑥): hesitancy (mixed but not contradictory),

• SRF(𝑥): strongly relative negative (major flaws),

• WRF(𝑥): weakly relative negative (minor issues),

• 𝐹 (𝑥): outright negative consensus (falsity).

A concrete assignment might be:

𝐷 = { ⟨Phone𝐴, 0.4, 0.2, 0.1, 0.0, 0.0, 0.0, 0.1, 0.0, 0.0, 0.0⟩,
⟨Phone𝐵, 0.1, 0.0, 0.2, 0.1, 0.2, 0.1, 0.1, 0.1, 0.1, 0.0⟩,
⟨Phone𝐶 , 0.0, 0.0, 0.0, 0.2, 0.3, 0.2, 0.1, 0.1, 0.1, 0.1⟩ },

where for each 𝑥 ∈ 𝑈:

0 ≤ 𝑇 (𝑥) + SRT(𝑥) + WRT(𝑥) + 𝐶 (𝑥) +𝑈 (𝑥) + 𝐼 (𝑥) + 𝐻 (𝑥) + SRF(𝑥) + WRF(𝑥) + 𝐹 (𝑥) ≤ 10.

• Phone𝐴 enjoys strong positive consensus (𝑇 = 0.4, SRT = 0.2) and minor hesitancy (𝐻 = 0.1).

• Phone𝐵 shows mixed feedback: moderate positive (WRT = 0.2), some unknowns (𝑈 = 0.2), minor
negatives (SRF = 0.1,WRF = 0.1), and hesitancy (𝐻 = 0.1).

• Phone𝐶 suffers significant unknowns (𝑈 = 0.3), ignorance (𝐼 = 0.2), contradiction (𝐶 = 0.2), and
outright negative consensus (𝐹 = 0.1), with slight hesitancy (𝐻 = 0.1).

This decapartitioned neutrosophic set thus captures ten nuanced facets of uncertainty and sentiment in
smartphone reviews.

Theorem 3.13 (Decapartitioned Generalizes Non- and Octa-partitioned). Let 𝑈 be a non-empty universe.
Then

1. every nonapartitioned neutrosophic set on𝑈, and

2. every octapartitioned neutrosophic set on𝑈,

embeds naturally into a decapartitioned neutrosophic set on𝑈.

Proof. We treat the two cases separately by constructing zero-extensions of the missing components.

(i) Embedding a Nonapartitioned Set. Let

𝑁 =
{
⟨𝑥, 𝑇𝑁 (𝑥), SRT𝑁 (𝑥), WRT𝑁 (𝑥), 𝐶𝑁 (𝑥), 𝑈𝑁 (𝑥), 𝐼𝑁 (𝑥), 𝐻𝑁 (𝑥), SRF𝑁 (𝑥), WRF𝑁 (𝑥), 𝐹𝑁 (𝑥)⟩

}
be a nonapartitioned neutrosophic set on𝑈, where the nine functions satisfy∑︁

𝑓 ∈{𝑇𝑁 ,SRT𝑁 ,WRT𝑁 ,𝐶𝑁 ,𝑈𝑁 ,𝐼𝑁 ,𝐻𝑁 ,SRF𝑁 ,WRF𝑁 ,𝐹𝑁 }
𝑓 (𝑥) ≤ 9

for all 𝑥 ∈ 𝑈. Define

𝑇𝐷 (𝑥) := 𝑇𝑁 (𝑥), SRT𝐷 (𝑥) := SRT𝑁 (𝑥), WRT𝐷 (𝑥) := WRT𝑁 (𝑥),

𝐶𝐷 (𝑥) := 𝐶𝑁 (𝑥), 𝑈𝐷 (𝑥) := 𝑈𝑁 (𝑥), 𝐼𝐷 (𝑥) := 𝐼𝑁 (𝑥), 𝐻𝐷 (𝑥) := 𝐻𝑁 (𝑥),
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SRF𝐷 (𝑥) := SRF𝑁 (𝑥), WRF𝐷 (𝑥) := WRF𝑁 (𝑥), 𝐹𝐷 (𝑥) := 𝐹𝑁 (𝑥).

Then ∑︁
𝑔∈{𝑇𝐷 ,SRT𝐷 ,WRT𝐷 ,𝐶𝐷 ,𝑈𝐷 ,𝐼𝐷 ,𝐻𝐷 ,SRF𝐷 ,WRF𝐷 ,𝐹𝐷 }

𝑔(𝑥) =
∑︁

𝑓 ∈𝑁 -components
𝑓 (𝑥) ≤ 9 ≤ 10,

so the resulting decapartitioned set {⟨𝑥, 𝑇𝐷 , . . . , 𝐹𝐷⟩} is valid.

(ii) Embedding an Octapartitioned Set. Let

𝑂 =
{
⟨𝑥, 𝑇𝑂 (𝑥), 𝑀𝑂 (𝑥), 𝐶𝑂 (𝑥), 𝑈𝑂 (𝑥), 𝐼𝑂 (𝑥), 𝐾𝑂 (𝑥), 𝐻𝑂 (𝑥), 𝐹𝑂 (𝑥)⟩

}
be an octapartitioned neutrosophic set, satisfying

∑
𝑇𝑂 +𝑀𝑂 +𝐶𝑂 +𝑈𝑂 + 𝐼𝑂 +𝐾𝑂 +𝐻𝑂 + 𝐹𝑂 ≤ 8. Define

𝑇𝐷 (𝑥) := 𝑇𝑂 (𝑥), SRT𝐷 (𝑥) := 𝑀𝑂 (𝑥), WRT𝐷 (𝑥) := 0, 𝐶𝐷 (𝑥) := 𝐶𝑂 (𝑥),

𝑈𝐷 (𝑥) := 𝑈𝑂 (𝑥), 𝐼𝐷 (𝑥) := 𝐼𝑂 (𝑥), 𝐻𝐷 (𝑥) := 𝐻𝑂 (𝑥), SRF𝐷 (𝑥) := 𝐾𝑂 (𝑥),

WRF𝐷 (𝑥) := 0, 𝐹𝐷 (𝑥) := 𝐹𝑂 (𝑥).

Then ∑︁
all 10 𝑔

𝑔(𝑥) = 𝑇𝑂 + 𝑀𝑂 + 0 + 𝐶𝑂 +𝑈𝑂 + 𝐼𝑂 + 𝐻𝑂 + 𝐾𝑂 + 0 + 𝐹𝑂 ≤ 8 ≤ 10,

so the extension is a valid decapartitioned neutrosophic set.
In both cases, projecting away the zero-components recovers the original nonapartitioned or octaparti-

tioned set. Hence decapartitioned sets generalize both. □

4 Additional Result: Representation of All Partitioned Neutrosophic Sets as
Plithogenic Sets

A plithogenic set assigns to each element degrees of multiple attributes and a contradiction measure, enabling
nuanced robust uncertainty representation [81]. This framework realizes a representation of all partitioned
neutrosophic sets as plithogenic sets.

Definition 4.1 (Plithogenic Set). [82, 32] Let 𝑆 be a universal set, and 𝑃 ⊆ 𝑆. A Plithogenic Set 𝑃𝑆 is
defined as:

𝑃𝑆 = (𝑃, 𝑣, 𝑃𝑣, 𝑝𝑑𝑓 , 𝑝𝐶𝐹)

where:

• 𝑣 is an attribute.

• 𝑃𝑣 is the range of possible values for the attribute 𝑣.

• 𝑝𝑑𝑓 : 𝑃 × 𝑃𝑣 → [0, 1]𝑠 is the Degree of Appurtenance Function (DAF).

• 𝑝𝐶𝐹 : 𝑃𝑣 × 𝑃𝑣 → [0, 1]𝑡 is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all 𝑎, 𝑏 ∈ 𝑃𝑣:

1. Reflexivity of Contradiction Function:
𝑝𝐶𝐹 (𝑎, 𝑎) = 0
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2. Symmetry of Contradiction Function:

𝑝𝐶𝐹 (𝑎, 𝑏) = 𝑝𝐶𝐹 (𝑏, 𝑎)

Example 4.2 (Plithogenic Set in Employee Skill Assessment). Employee Skill Assessment is the process
of evaluating workers’ abilities, knowledge, and competencies to match roles and improve performance
(cf.[83, 84, 85]). Let 𝑆 be the set of all employees and consider the subset

𝑃 = {Alice, Bob, Carol}.

Choose the attribute
𝑣 = “Primary Programming Language”,

with range of values
𝑃𝑣 = {Java, Python, SQL}.

We take 𝑠 = 1 and 𝑡 = 1, so that

pdf : 𝑃 × 𝑃𝑣 → [0, 1], pCF : 𝑃𝑣 × 𝑃𝑣 → [0, 1] .

Define the Degree of Appurtenance Function by

pdf (Alice, Java) = 0.8, pdf (Alice,Python) = 0.6, pdf (Alice, SQL) = 0.4,
pdf (Bob, Java) = 0.5, pdf (Bob,Python) = 0.7, pdf (Bob, SQL) = 0.3,

pdf (Carol, Java) = 0.2, pdf (Carol,Python) = 0.4, pdf (Carol, SQL) = 0.9.

Define the Degree of Contradiction Function by

pCF(Java,Python) = 0.2, pCF(Java, SQL) = 0.6,
pCF(Python, SQL) = 0.4,

and pCF(𝑎, 𝑎) = 0, symmetry holds. Then

𝑃𝑆 =
(
𝑃, 𝑣, 𝑃𝑣 , pdf, pCF

)
is a valid Plithogenic Set capturing each employee’s primary language proficiency along with inter-language
contradiction degrees.

Theorem 4.3. Let 𝑈 be a nonempty universe. For each integer 𝑘 with 4 ≤ 𝑘 ≤ 10, every 𝑘-partitioned
neutrosophic set on𝑈 can be embedded into a plithogenic set.

Proof. Fix 𝑘 ∈ {4, 5, . . . , 10}. Let

𝑁𝑘 =
{
⟨𝑥, 𝑀1(𝑥), 𝑀2(𝑥), . . . , 𝑀𝑘 (𝑥)⟩

�� 𝑥 ∈ 𝑈}
be any 𝑘-partitioned neutrosophic set, where each

𝑀𝑖 : 𝑈 → [0, 1] (𝑖 = 1, . . . , 𝑘)

is a membership function and for all 𝑥 ∈ 𝑈 the partition-sum bound
𝑘∑︁
𝑖=1

𝑀𝑖 (𝑥) ≤ 𝑘

holds. We construct a plithogenic set

𝑃𝑆 = (𝑃,𝑉, 𝑃𝑉 , pdf, pCF)

that “realizes” 𝑁𝑘 as follows:
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1. Set 𝑃 := 𝑈.

2. Choose 𝑉 := 𝑃𝑉 := {𝑣1, 𝑣2, . . . , 𝑣𝑘}, one attribute value for each neutrosophic component.

3. Define the degree-of-appurtenance function

pdf : 𝑃 × 𝑃𝑉 −→ [0, 1] by pdf
(
𝑥, 𝑣𝑖

)
:= 𝑀𝑖 (𝑥), 𝑖 = 1, . . . , 𝑘 .

Then for each fixed 𝑥 ∈ 𝑈, the 𝑘-tuple(
pdf (𝑥, 𝑣1), . . . , pdf (𝑥, 𝑣𝑘)

)
=
(
𝑀1(𝑥), . . . , 𝑀𝑘 (𝑥)

)
exactly reproduces the membership values of 𝑁𝑘 .

4. Define the contradiction function to be trivial:

pCF : 𝑃𝑉 × 𝑃𝑉 −→ [0, 1], pCF(𝑣𝑖 , 𝑣 𝑗) = 0 ∀ 𝑖, 𝑗 .

This choice satisfies reflexivity and symmetry, and imposes no further restriction on the appurtenance
degrees.

Since each pdf (𝑥, 𝑣𝑖) ∈ [0, 1] and pCF is well-defined and symmetric with zero diagonal, (𝑃,𝑉, 𝑃𝑉 , pdf, pCF)
is a valid plithogenic set. Moreover, the original 𝑘-partitioned neutrosophic set 𝑁𝑘 is recovered by reading
off pdf (𝑥, 𝑣𝑖) for 𝑖 = 1, . . . , 𝑘 .

Because 𝑘 was arbitrary in {4, . . . , 10}, the same construction embeds every quadri-, penta-, hexa-,
hepta-, octa-, nona-, and deca-partitioned neutrosophic set into a single unifying plithogenic framework. □

From the above, the equivalence relations as shown in Tables 1 and 2 hold.

k Partitioned Set Attribute Values 𝑉

1 Fuzzy Set {𝑣1} corresponding to {𝜇}
2 Intuitionistic Fuzzy Set {𝑣1, 𝑣2} corresponding to {𝜇, 𝜈}
3 Neutrosophic Set {𝑣1, 𝑣2, 𝑣3} corresponding to {𝑇, 𝐼, 𝐹}
4 Quadripartitioned Neutrosophic Set {𝑣1, . . . , 𝑣4} corresponding to {𝑇, 𝐶, 𝐺, 𝐹}
5 Pentapartitioned Neutrosophic Set {𝑣1, . . . , 𝑣5} corresponding to {𝑇, 𝐶, 𝐺,𝑈, 𝐹}
6 Hexapartitioned Neutrosophic Set {𝑣1, . . . , 𝑣6} corresponding to {𝑇, 𝐶, 𝐺,𝑈, 𝐻, 𝐹}
7 Heptapartitioned Neutrosophic Set {𝑣1, . . . , 𝑣7} corresponding to {𝑇, 𝑀,𝐶,𝑈, 𝐼, 𝐾, 𝐹}
8 Octapartitioned Neutrosophic Set {𝑣1, . . . , 𝑣8} corresponding to {𝑇, 𝑀,𝐶,𝑈, 𝐼, 𝐾, 𝐻, 𝐹}
9 Nonapartitioned Neutrosophic Set {𝑣1, . . . , 𝑣9} corresponding to {𝑇, 𝑆𝑇,𝑊𝑇,𝐶,𝑈, 𝐼, 𝑆𝐹,𝑊𝐹, 𝐹}

10 Decapartitioned Neutrosophic Set {𝑣1, . . . , 𝑣10} corresponding to {𝑇, 𝑆𝑅𝑇,𝑊𝑅𝑇,𝐶,𝑈, 𝐼, 𝐻, 𝑆𝑅𝐹,𝑊𝑅𝐹, 𝐹}

Table 1: Embedding of 𝑘-partitioned fuzzy, intuitionistic fuzzy, and neutrosophic sets into a plithogenic set
via attribute values 𝑉 .

5 Conclusion and Future Works

In this paper, we formally introduced the notions of hexa-, octa-, nona-, and deca-partitioned neutrosophic
sets, and demonstrated that each of these structures can be naturally embedded within the broader plithogenic
set framework.

Looking ahead, several promising research directions emerge. Various generalizations and extensions of
neutrosophic sets have been actively explored in the literature, including their applications to graph theory
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𝒔 𝒕 Plithogenic Set Type

1 1 Plithogenic Fuzzy Set
2 1 Plithogenic Intuitionistic Fuzzy Set
3 1 Plithogenic Neutrosophic Set
4 1 Plithogenic Quadripartitioned Neutrosophic Set (cf.[86, 51, 87])
5 1 Plithogenic Pentapartitioned Neutrosophic Set (cf.[37, 88, 89])
6 1 Plithogenic Hexapartitioned Neutrosophic Set (cf.[69])
7 1 Plithogenic Heptapartitioned Neutrosophic Set(cf.[90, 91])
8 1 Plithogenic Octapartitioned Neutrosophic Set
9 1 Plithogenic Nonapartitioned Neutrosophic Set

10 1 Plithogenic Decapartitioned Neutrosophic Set

Table 2: Classification of Plithogenic Sets by number of attribute–component values (𝑠) and auxiliary
parameter (𝑡).

[92, 93], hypergraphs [94, 95, 96], superhypergraphs [97, 98, 99, 100, 101], as well as offset structures
[102, 103, 49], oversets [104, 105], undersets [106], and topological frameworks [107]. In future studies,
we aim to investigate further extensions of the partitioned neutrosophic models—particularly along graph-
based structures and offset-based generalizations—to deepen their theoretical development and broaden their
applicability in complex systems modeling.
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