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Abstract

Graph-structured data often exhibit complex edge semantics beyond simple undirected links—such
as one-way flows, independent endpoint orientations, or multiple parallel arcs. While standard Graph
Neural Networks (GNNs) handle undirected and directed graphs, they cannot fully exploit richer
topologies like bidirected or multidirected graphs. We introduce two novel GNN variants: Bidirected
GNNs, which separately aggregate messages according to endpoint-specific arrow assignments, and
Multidirected GNNs, which incorporate parallel-edge counts into feature updates. We present formal
definitions, derive update rules, and showcase illustrative examples to demonstrate each model’s
ability to encode complex orientation and multiplicity patterns. Our frameworks pave the way for
more expressive graph representation learning in domains requiring fine-grained edge semantics.
Keywords: Graph Neural Networks (GNNs), Directed Graph Neural Network, Bidirected Graph
Neural Network, Multidirected Graph Neural Network, Bidirected Graph, Multidirected graph, Graph
Theory

1 Introduction

1.1 Graph Neural Networks

Graph theory offers a flexible framework for modeling pairwise relations by representing entities as vertices
and connections as edges [1]. While undirected graphs assume mutual links, more expressive variants
capture directionality and multiplicity. Directed graphs assign each edge a single orientation [2} [3| 4],
whereas bidirected graphs allow each endpoint to carry its own arrow independently, enabling asymmetric
flows on an undirected backbone [5} 16, [7]. Multidirected graphs extend this further by permitting multiple
parallel arcs between the same pair of vertices, encoding edge multiplicity in directed settings [8]. By
leveraging these richer graph models, one can more intuitively visualize and represent real-world systems in
which directional information is essential.
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Graph Neural Networks (GNNs) have emerged as a powerful paradigm for learning over graph-structured
data, achieving state-of-the-art results in social network analysis, recommender systems, and molecular
modeling [9, 10]. Recent extensions include Hypergraph Neural Networks [11] and Super-HyperGraph
Neural Networks [12]], which handle higher-order and hierarchical relations. Research on these GNN
architectures plays a vital role across Al, machine learning, reinforcement learning, and many other domains.

1.2 Our Contribution in this paper

Graph Neural Networks (GNNs) and their variants have become indispensable in Al and machine learning
due to their strength in modeling relational structures. Directed Graph Neural Networks extend standard
GNN s to handle edge orientations, yet architectures specifically designed for bidirected and multidirected
graphs remain scarce. Addressing this gap, we introduce two new GNN models tailored to these richer graph

types:

* Bidirected GNNs, which treat each edge’s direction at its two endpoints separately, propagating
incoming and outgoing messages in a distinct manner.

* Multidirected GNNs, which incorporate the multiplicity of parallel edges directly into the message-
passing and node-update mechanisms.

We present precise mathematical definitions for both architectures, illustrate their operation on repre-
sentative examples, and show how they effectively capture complex orientation and multiplicity patterns
in graph data. Although this paper focuses exclusively on theoretical developments, we anticipate future
work involving empirical evaluations on real-world datasets, the design of practical algorithms, and their
implementation.

1.3 Structure of This Paper

This paper is organized as follows. In Section 2, we review the definitions of bidirected and multidirected
graphs. Section 3 explores Bidirected Graph Neural Networks. Section 4 addresses Multidirected Graph
Neural Networks. Finally, Section 5 provides concluding remarks and discusses directions for future work.

2 Preliminaries

In this section we recall the basic definitions and notation used throughout this paper. We assume all graphs
and related structures are finite. For standard graph operations and the fundamentals of Graph Neural
Networks, the reader may consult the cited references.

2.1 Bidirected and Multidirected Graphs

A directed graph (or digraph) consists of a finite vertex set V and a set of ordered edges £ C V X V, each
edge (u,v) indicating a one-way connection from u (source) to v (target) [13l [14]. A bidirected graph is
a generalization of an undirected graph where each edge is assigned a direction at each of its endpoints
independently, allowing more expressive edge orientation [7].

Definition 2.1 (Bidirected Graph). /7] A bidirected graph B = (G, 1) is given by
G=(V,E), 7:VXE — {-1,0,1},

where:
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* G is a simple undirected graph on vertex set V and edge set E.
 For each vertex-edge pair (v, e),

+1, ife is directed toward v,
7(v,e) = 3-1, ifeisdirected away from v,

0, ifvisnotincident to e.
We call G the underlying graph and t the bidirection function.
Example 2.2 (Simple Bidirected Path). LetV = {A,B,C, D} and
G = (V, {{A’ B}’ {Ba C}’ {C’ D}})’
with edges e1 = {A, B}, e; = {B,C}, e3 = {C, D}. Define t by

T(v,e) ‘ el ex e3
A +1 0 0
B -1 +1 O
C 0 -1 +1
D 0 0 -1

so that each edge is “pointing into” one endpoint and “pointing out of”’ the other. All other entries are zero.

As a further generalization, one may allow multiple directed edges between the same pair of vertices.
Definition 2.3 (Multidirected Graph). [[/5] 16} 8] A multidirected graph is a tuple

G=(V,E,s,t,m),

where

* V is a finite set of vertices,

* E is a finite set of edges,

e 5,t: E — V assign to each edge its source and target,

e m:V XV — Ny gives the multiplicity of edges from one vertex to another.
Example 2.4 (MultiDirected Graph). Let G = (V, E, s, t, m) be the MultiDirected Graph defined by

V ={A,B,C},

E = {e1, ez, e3,e4},
S(el):A9 t(el):B’ 5(62):A9 t(eZ):Ba
s(e3) = B, t(e3) = C, s(eq) =C, t(es) = A,

with multiplicity function

2, (u,v)=(A,B),

)L (u,v) =(B,0),

M=V ) = (€ A),
0, otherwise.

Concretely:
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There are two parallel edges ey, e; from A to B, reflecting m(A, B) = 2.

There is one edge e3 from B to C, som(B,C) = 1.

There is one edge eq4 from C back to A, som(C, A) = 1.

All other ordered pairs of distinct vertices have multiplicity zero.

In tabular form, the multiplicity matrix m is:

m(u,v)‘v=A v=B v=C
u=A 0 2 0
u=2~B 0 0 1
u==_C 1 0 0

This example illustrates a simple three-node MultiDirected Graph with parallel and cyclic edges.

Example 2.5 (Daily Airline Flight Network). Consider a network of three airports:
V ={JFK, LAX, ORD},

and a set of scheduled flights
E={f1, f» f5 fa f5},

with source and target functions

s(f1) =JFK, 1(fi) = LAX,
s(f2) =JFK, 1(f2) = LAX,
s(f3) = LAX, 1(f3) = JFK,
s(fa) = LAX, 1(fs) = ORD,
s(fs) = ORD, 1(fs) = JFK,

and multiplicity function
2, (u,v) = (JFK,LAX),
1, (u,v)=(LAX,JFK),
m(u,v) =31, (u,v) = (LAX, ORD),
1, (u,v) = (ORD,JFK),

0, otherwise.

Here, there are two distinct daily flights from JFK to LAX, and one flight each on the other listed routes,
illustrating a real-world multidirected graph where parallel edges model multiple scheduled connections
between the same pair of nodes.

2.2 Directed Graph Neural Networks

Graph Neural Networks (GNNGs) iteratively refine node embeddings by propagating and aggregating messages
along edges, offering a flexible approach for learning over graph-structured data [12} [17, (18} [19} 20]. The
Directed GNN (DGNN) extension explicitly separates incoming and outgoing edge messages, ensuring that
edge orientation influences each update [21} 22, 23] [24]].
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Definition 2.6 (Directed Graph Neural Network (DGNN)). (c¢f.[21[22]123|24]) Let G = (V, E) be a directed
graph. Assign each node v € V an initial feature

hf,o) =x, € RF,
and each directed edge (u,v) € E an initial embedding

eb(,%) € RFe.

For layers € =1, ..., L, compute:
m O =g (el vy e EY),  md™ Y = gou({eli™ : (vu) € EY),
4 ‘-1 in, (€ (€ 4 -1 l 4
m = g (Y, mi O my ), ew) = gelews ), m, ),
where

N V)={u|(u,v)eE}, N*(Ov)={u]|(v,u) € E}.

Here, giy and goun are permutation-invariant aggregators (e.g. sum or mean), and ¢, ¢. are learnable
update functions (e.g. MLPs or GRUs). A final readout

he =r({ by e V})
vields the graph-level representation, where r is permutation-invariant (e.g. sum- or max-pooling).
Example 2.7 (DGNN on a Four-Node Directed Graph). Let G = (V, E) be the directed graph defined by
V={A,B,C,D}, E={(A,B), (AC), (B,D), (C,D)}.
Associate initial node features
hgo) = X4, th =Xxp, h(CO) =Xxc, h(DO) =Xp,

and initial edgefeatmes
0 0 0 0
e()_a’e()_ﬂ’e()_,},,e()_(;.

go=D, &=
and let h, and h, be learnable MLPs.
At layer € = 1, for each node v € V we have incoming and outgoing neighborhoods:

Choose aggregation functions

N~ (A) =0, N*(A) = {B,C},
N~ (B) = {A}, N*(B) = {D},
N7(C) ={A}, N*(C) = {D},
N~ (D) ={B,C}, N*(D)=0o.

Therefore, the edge aggregations are

- _+_

e, =0, ey =a+p,
~— —+

eB:CX, eB:’)/a

e =P eL =,

ep =y +0, EB=0,
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where summing over an empty set yields the zero vector. The node updates are

hg) (xA, 0, a +ﬁ)
hy' = holxs. @ v).
he! = (xc, B, 5)
hg) (xD, v+ 0, O)
Next, each edge feature is updated by
¢l = hela. ). ).
¢he = he(B. 1y, b)),
el = ey, 1, HD)
) = helo, 1 1Y)

Subsequent layers € =2, ..., L proceed analogously. Finally, a global readout
h = r({hS, P, hP, h{Py)

vields the graph-level embedding of G.

3 Result: Bidirected Graph Neural Network

The definition of the Bidirected Graph Neural Network is presented as follows.

Definition 3.1 (Bidirected Graph Neural Network (BiDGNN)). Let B = (G, T) be a bidirected graph with
underlying simple graph G = (V, E) and bidirection function T : V X E — {-1,0, 1}. Associate to each
node v € V an initial feature

hf,o) =x, € RF,

and to each edge e € E an initial feature
el? e RFe.

For each v € V, define its incoming and outgoing edge sets by
E;(v)y={ecE:t(vie)=1}, EI(v)={e€E :1(v,e)=-1}.

A BiDGNN with L layers computes, for { = 1,...,L

g (el ecsz(v)}), et=gt{el™V e c &),
hi"’ = hv(hi" D e, e, ell) = he(ei" Don0, 0, w(ue), t(w, ),

where e = (u,w), g, and g} are permutation-invariant aggregators (e.g. sum or mean), and h,,, h, are
learnable update functions (e.g. MLPs or GRUs). A final readout

hg = r({ b ye V)

produces a graph-level representation.
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Example 3.2 (BiDGNN on a Three-Node Bidirected Graph). Let B = (G, T) be the bidirected graph with

V={A,B,C}, E ={ej,es},
where e) connects A and B, and e connects B and C. The bidirection function v : VX E — {-1,0,1} is
defined by
r(d.e) =1, 7(Ber) =~ 7(v, e) = 0 otherwise.
7(B,ez) =1, 7(C,ep) =-1,
Assign initial features
hg)) = XA, hg)) = Xxp, hg)) = Xxc,
and edge features
eg?) = a, eg) =g.
Choose both aggregators to be sum:
g =8l=),
At layer € = 1, for each v € {A, B, C} we have
&7 (A) ={e1}, E1(A) =0,
&7 (B) ={ez}, &7(B) ={e1},
E:(C)=0,  &H0) ={es}.
Thus the aggregated edge messages are
ey=a, é,=0,
eg=pB éh=a,
e =0, é.=p,

where the sum over an empty set is taken to be the zero vector. The node updates are

hY = hy(xa, @, 0),
hY) = hy(xs, B, @),
he = hy(xe, 0, B).

The edge updates, incorporating both endpoint orientations, are

1
)

el = 0

(1
he(ﬁv h ) C

= he(a, B, 1Y), (A e1) = 1, (B, er) = —1),
7(B,e2) = 1, 7(C,e3) = —1).

Subsequent layers proceed similarly. Finally, a global readout

he =r({h,

vields the graph-level representation of B.

hy, heY)

Example 3.3 (BiDGNN on a Four-Node Bidirected Graph). Let B = (G, 7) be the bidirected graph with

V={A,B,C,D},

E ={ey, ez, €3},
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where e connects A and B, ey connects A and C, e3 connects C and D. Define the bidirection function
T:VXE — {-1,0,1} by

T(A,e1) = -1, 7(B,e1) =1,
T(A,er) =1, 1(C,e3) =-1, 7(v,e) =0 otherwise.
7(C,e3) =—-1, 7(D,e3) =1,

Assign initial node features

hﬁ” = X4, hg” = X8, h(co) =xc, h(DO) =xp,
and edge features
0 0 0
e O =p 0=y

Choose aggregators
g, = mean, g, = max,

where “max” denotes element-wise maximum over the multiset (and both produce the zero vector on empty
input). For layer £ = 1, compute for each v:

| &7 (v) &) & =B ¢=a,
A| {ea} A{ei} ég=a, ép=0,
=
B {61} @ e‘a =0, eC = max(,B, ’)’),
C| o {ees} o >~ 0
D| {e3} o ‘o= o=
Node updates:
(1) = hv(.x ﬁ a),
h(” hy (x5, @, 0),
h(l) hy(xc, 0, max(B,7y)),

hi,” = hy(xp. 7. 0).
Edge updates (using both endpoint orientations):
el = he(a, B, B, -1, 1),
1 1 1
egz) e(ﬁ7 h1(4>’ hé)a 1’ _1)7
el = he(y, W, nY), 1, 1).

Subsequent layers follow the same pattern of separate incoming/outgoing aggregation and orientation-
aware edge updating. Finally, a graph-level readout

=r((n by v )
vields the embedding of the entire bidirected graph.

Theorem 3.4 (DGNN as a Special Case of BIDGNN). Let Ggir = (V, Eq4ir) be any directed graph. Construct
the bidirected graph

=(G.1). G=(V.E), E={{u.v}]|(u.v) € Eq},
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by setting for each directed edge (u,v) € Eg; the bidirection signs
(v, {u,v}) =+1, 7(u,{u,v}) =-1.

If we choose the BIDGNN aggregation functions g, and g} to coincide with the DGNN’s in- and out-
aggregators, and let the update functions h, and h. ignore the extra T arguments, then the BIDGNN
recursion reduces exactly to that of the DGNN on G gi;.

Proof. We divide the argument into three steps:
1. Correspondence of edge sets. By construction,

E = {{u,v} :(u,v) € Edir},

so there is a one-to-one mapping between each directed arc (u, v) and the undirected edge e = {u, v}.
2. Incoming and outgoing edge-groups. For any vertex v € V, the BIDGNN defines

E;(v)={ecE:71(vie)=+1}, &EI(v)={ecE:7(v,e)=-1}.
By our choice of 7,
E;(v) ={{u,v}| (u,v) € Egiy} and &I(v)={{v,w}| (v,w) € Egir}.

Therefore, aggregating over &7 (v) exactly matches the DGNN’s in-edge set {(u«, v)}, and aggregating over
&¥(v) matches the DGNN'’s out-edge set {(v, w)}.
3. Equivalence of update formulas. The BIDGNN node update at layer ¢ is

e, =g.({ eg_l) cee& ()Y, & =gr{ ei"‘” re€&1(n)}),

rD = n, (hY, e, et).

Since g, = gin» &4 = Gout, and h,, ignores 7, this is identical to the DGNN’s

m™ O = g (el 1 (u,v) € Egir}), mO™0 = gou({e 1 (v.u) € Eqir}).

h\()g) = ¢)V(h\(}[_l)’ mivn’(f)a mi)/m’(f))'

Similarly, the BIDGNN edge update

e =ho(e ™V, n 0, T(u,e), T(v,¢)

reduces to
¢ -1 14 ¢
estv) = ¢€(eb(tv )7 h; )’ h\() ))
once h, ignores the T inputs. Hence all layer-wise equations coincide, proving the claim. O

Theorem 3.5 (Preservation of Bidirected Structure). The BiDGNN architecture strictly enforces the bidi-
rected labels T at each layer:

* Node updates aggregate only those edge features whose local sign v(v, e) indicates “incoming” (+1)
or “outgoing” (—1).

* Edge updates receive both endpoint signs (t(u, e), T(w, e)), ensuring that the orientation at each end
fully influences the new edge embedding.
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Proof. We verify the two key invariants of BIDGNN—node-level filtering and edge-level encoding—by
direct inspection of the update formulas.

1. Node-level orientation filtering. At layer ¢, each node v computes

& = (el M leeEr). & = gi(lel ) TecErm),

where
E;v)={elt(v,e) =+1}, E7(v)={e|T1(v,e) =—1}.

By definition, &7 (v) contains exactly those edges directed into v, and EF(v) those directed out of v.
Consequently:

* No “incoming” aggregate ¢;, ever includes an edge for which 7(v,e) = —1.
* No “outgoing” aggregate &, ever includes an edge for which 7(v,e) = +1.

The node-update
hD = h, (WY, &5, &)

v Ty

thus uses strictly the correctly oriented messages, ensuring that edges whose local orientation does not match
the designated role are never mixed into the update.

2. Edge-level orientation encoding. For each edge e = (u, w), the BIDGNN edge update is
el = he(eg_l), WO, hO, 1(u,e), T(w,e)).
Here, the pair (7(u,e),7(w,e)) € {+1, —1}? is passed explicitly into the learnable function /.. Thus:

. A(ny change in the orientation signs 7(u, ¢) or T7(w, ¢) will directly affect the subsequent embedding
ee .

* The model can learn to treat edges differently depending on whether they are “pointing in” or “pointing
out” at each endpoint.

Combining these two observations, we see that at every layer, BIDGNN (i) filters node messages according
to the correct local orientation, and (ii) incorporates both endpoint signs when updating edges. Therefore,
the bidirected structure 7 is preserved exactly throughout the network. O

Theorem 3.6 (Isomorphism Invariance). Let B = (G, 1) and B’ = (G',1") be two bidirected graphs, and
let ¢ : V(G) — V(G’) be a graph isomorphism such that {¢(u), o(w)} € E(G’) whenever {u,w} € E(G),
and

T (e(v),p(e)) = t(v,e) forallv e V(G), e € E(G).

O O gy O 0

If node and edge features are carried over by hso ) oe) = €

BiDGNN with tied parameters,

then after L layers of a

(&) _ () &) _ () -
hw(v)_h" s Coe) = Ce s forall £ =0,...,L.

In particular, the final graph-level readout satisfies hp = hp.
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Proof. We proceed by induction on €. The base case £ = 0 holds by assumption. Suppose the claim holds
for ¢ — 1; then for layer ¢:
EE() > &L (p(v)).

and since g3, h,, h, are applied identically under the correspondence and only depend on multisets of input
features and the values of 7, the updates

h\(/f) = hv(h\(/f_l) e, €_+), egf) = he (eéf_l)’hif),h\(/f),‘r(uae)’T(W’ 6))

L Y

carry over to " © o ©
(€ 4 1(€ t
hoy =M’ €y =€e

By induction, the statement holds for all layers, and permutation-invariance of the readout r then gives
h B = h B O

Theorem 3.7 (Reduction to Undirected MPNN). Let B = (G, 1) be any bidirected representation of an
undirected graph G = (V, E), with T(v, e) € {1} assigning opposite signs at the two endpoints of each e.
If one chooses

g, = 8+ =Sum, he independent of T, h, symmetric in its second and third arguments,
then the BiDGNN reduces to a standard message-passing GNN (MPNN) on G:

&= el D =m0, el =he(el TV m ).

esv

Proof. Since each undirected edge e = {u, w} satisfies (u,e) = 1, 7(w,e) = —1, we have &7 (v) UEL(v) =

{e : v € e} and these two sets are disjoint. With g7 = g = Sum, &, + ¢} = X5, etV Writing

e, = e, + e, and using the symmetry of £, in its second and third slots,

he(RY, &, et) = ho (7Y, ey, &),

v Ty

so the node update matches that of a standard MPNN. The edge update with %, ignoring T likewise coincides.
Hence the BiDGNN recovers exactly the usual MPNN on G. O

Theorem 3.8 (Preservation of Bidirected Semantics). In every layer of a BIDGNN, the separation between
incoming and outgoing edge messages at each node is strictly maintained, and edge updates explicitly depend
on the orientation at both endpoints. As a result, no information is propagated against the local orientation,
and both signs T(u, ) and T(w, e) are incorporated in each edge’s embedding.

Proof. We prove the claim by examining the node-level and edge-level updates, and then argue by induction
that these properties hold at all layers.
1. Node-level message separation. At layer £, each node v computes two separate aggregates:

_— - -1 _ -1
& = g (e It =+1)). &) = gl({e " I T(ve) = -1)).
By definition of 7:
* ¢, collects exactly those edges with local orientation “incoming” to v (7(v,e) = +1).

* ¢} collects exactly those edges with local orientation “outgoing” from v (7(v, e) = —1).
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Hence, the node update
m = bV 8 )

never intermixes messages of opposite orientation: each message enters the appropriate slot.
2. Edge-level orientation encoding. For an edge ¢ = (u, w), the update rule is

eéf) = he(eéf_l), hff), h‘(/f)a T(M’e)’ T(W’e))'

Since the pair (r(u,e), T(w,e)) € {+1,—1}? is supplied to k., any change in the local signs will directly
affect the new edge embedding. Thus each edge update encodes the bidirected information of both endpoints.

3. Inductive step. Suppose at layer £ — 1, all node embeddings hy’_l) and edge embeddings ege_l)
respect the above invariants. Then:

* The aggregates e;; at layer ¢ are formed from correctly oriented features eg_l), so the node updates

preserve message separation.

* The edge update at layer £ again receives both endpoint signs and the updated node features h,(f) , th ) ,

ensuring orientation encoding continues.

By induction, these properties hold for every layer 1, ..., L.
Therefore, BIDGNN never mixes incoming and outgoing information incorrectly, and always incorporates
both endpoint orientations in its edge updates, preserving the bidirected semantics layer after layer. O

4 Result: Multidirected Graph Neural Network

An MDGNN extends GNNs to graphs with multiple directed edges, separately aggregating incoming and
outgoing messages based on edge multiplicity. The definition of the Multidirected Graph Neural Network is
presented as follows.

Definition 4.1 (MultiDirected Graph Neural Network (MDGNN)). Let G = (V, E, s, t, m) be a MultiDirected
Graph as in [8,|15)], where

* V is the set of vertices,

» E is the set of directed edges,

e s,t: E — V assign each edge its source and target,

* m:V XV — Ny gives the multiplicity of edges between any ordered pair.
Associate each node v € V with an initial feature

hio) =x, € RF,
and each edge e € E with an initial feature
ego) e RFe.
For each v € V, denote its incoming and outgoing edge sets by
E, ={ecE:tle)=v}, El={ecE:s(e)=v}
A MDGNN with L layers then performs, for { = 1,...,L:
G =g (el e DY), @ =gi((el ) s e BT,
hig) = hv(hy)_l), e, ), ey) = he(ey_l), hifl), ht(fe)), m(s(e),1(e))),

where
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» g_ and g} are permutation-invariant multiset aggregators (e.g. sum, mean, or attention),

o hy, : RFE xRFe x RFe — RF and h, : RFe x RF x RF x Ny — RFe are learnable update functions
(e.g. MLPs or GRUs).

Finally, a global readout
he = r({ by e v}

produces a graph-level embedding, where r is permutation-invariant (e.g. sum-pooling, max-pooling or
set-attention).

Example 4.2 (MDGNN on a Two-Node MultiDirected Graph). Consider the MultiDirected Graph
G = ({A, B}, E, s,t, m)
with
E={ei,er,e3}, s(e1) =A, t(e1) =B, s(ex) =A, 1(e2) =B, s(e3) =B, 1(e3) = A,

and multiplicity
m(A,B) =2, m(B,A)=1, m(A,A) =m(B,B)=0.
We take initial features
hff) = XA, hg)) =xp, el =ai, el) =am, el) =p

Let both aggregators be sum: g, = g+ = .. Then for the first layer (€ = 1):

E, ={es}, E} ={e1,ea},
Egz ={e1, ez}, E} = {e3},

ey=B, éy=ait+a, éz=aitay, ép=p.
Node updates:
hf;) = hv(xA, B, ai + 012), hg) = hv(xB, a) + a, ,8).
Edge updates (using multiplicity):
el = he(ar, B, 1Y), m(A,B) = 2),

el = he(an, ', B, m(A,B) = 2),
el = he(B, by, b\, m(B,A) = 1).
Subsequent layers proceed similarly. Finally, a global readout

he =r({nY”, hy'})

produces the graph-level embedding.
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Example 4.3 (MDGNN on a Three-Node MultiDirected Graph with Mixed Multiplicities). Consider the
MultiDirected Graph
= ({A,B,C}, E, s,t, m)

with
E ={e1 ez €3, €4, 5},
s(e1) = A, t(e1) =B, s(e2) = A, t(e2) =B
s(e3) =B, t(ez) =C, s(eq) =C, t(es) = A
s(es) =C, t(es) = A

and multiplicities
m(A,B) =2, m(B,C)=1, m(C,A) =2, m(x,y) =0 otherwise.

Assign initial node features

W =xa, by =xp, Y =xc,
and initial edge features
0 0 0 0
eé‘l) =ay, eg‘z) - 623) ﬁ e( ) - 625) =72

Let the aggregators be

g, = mean, g, = Z,
and denote for each v € {A, B, C}

E; ={e:t(e)=v}, E;={e:s(e)=v}.

At layer £ = 1, we compute:

E; = {64’65}’ E;Z = {ela 62}7
Eg = {61’62}7 EE = {63},
Ec ={es3}, El = {es, es}.

Thus the aggregated edge features are

¢, =mean{yi,y2}, €4 =a;+a,
¢z = mean{ay,az}, €5 =p,
éc=p, ée=v1+7.

Node updates:

Yity2 +72

Wy = h(xa, €5 @) = hu(ra, 252, a1 +a),

h(l) = hy(xp, €g, €g) = hy(xp, 52, B),
WY = hy(xc, eg, &) = hy(xc. B, y1+72).
Edge updates (incorporating multiplicity):
M _

el = he(ar, ', B, m(A,B) = 2),
el = he(aa, Ky, B, m(A, B) =2),
et = he(B, hy'. he!, m(B.C) = 1),
he
he(y2,

D =, (y1, h(”, h, m(c, A) =2),

€e,
W= h, Y, m(c, A) =2).

€es
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Further layers proceed analogously, updating node and edge features by aggregating according to incom-
ing/outgoing sets and using the multiplicity in each edge update. Finally, a graph-level readout

L L L
he = r({ B, nP, hiY)
vields the embedding for the entire MultiDirected Graph.
Theorem 4.4 (DGNN as a Special Case). Let Ggir = (V, Eqir) be any directed graph. Define

17 (u’ v) E Edir,

G = (V, Egr, s,t,m) with m(u,v) = )
0, otherwise.

If one chooses h, independent of its last argument m(s(e),t(e)), and uses the same aggregators g, then
the MDGNN on G coincides exactly with the DGNN on G gi;.

Theorem 4.5 (DGNN as a Special Case of MDGNN). Let Ggir = (V, Eqgir) be a directed graph, and construct
the multidirected graph

15 (uv V) G Edil‘a

G=(V,E,s,t,m), E=Eg, suv)=u tuv)=v, mu,v)= .
0, otherwise.

If the MDGNN uses the same node- and edge-aggregators gz as the DGNN, and its edge-update function h,
ignores the multiplicity argument m(s(e),t(e)), then the MDGNN on G reproduces exactly the DGNN on
G gir.

Proof. We show layer-by-layer equivalence by comparing the MDGNN’s update rules to those of the DGNN.

1. Incoming and outgoing edge sets coincide. By definition of G,
E,; = {e€E:tle)=v}={(u,v) | (u,v) € Egir} = {incoming arcs to v},

EY = {e€E:s(e)=v}={(v,w)]| (v,w) € Egr} = { outgoing arcs from v}.
Thus the MDGNN’s in- and out-edge multisets match exactly those of the DGNN.
2. Node update matches. The MDGNN aggregates

&y =g ({el Ve Ey)), & =gi(el ™ e cEL),

and then updates
B = n, (hY, &5, ).

v v

Since g = gin, & = Gout, and A, is identical in both models, this coincides with the DGNN’s

m® = gin({elS7" - (v) € Eair}), m = gou({e$5" - (v.u) € Eqi}),

]’l‘(,[) — ¢v(h\(;[_1), min mout).

v v

3. Edge update matches. The MDGNN edge update reads

¢ -1 4 4
eé ) = he(eé ), hg(l), ht((e)‘)’ m(s(e),t(e)))

Because m(s(e),t(e)) = 1 for all e € E4; and h, ignores this argument, we recover exactly the DGNN’s
edge update
¢ -1 ¢ ¢
et(tv) = ¢e(el(4v )a h1(4 )7 h\(z ))
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4. Readout equivalence. Both models employ the same permutation-invariant readout r on {héL) }, yielding
identical graph-level embeddings.

Combining these observations, we conclude that under the stated choices, the MDGNN on G reproduces
each layer of the DGNN on G gj;, proving the theorem. O

Theorem 4.6 (BiDGNN as a Special Case of MDGNN). Let B = (Gung, T) be a bidirected graph with
underlying simple graph
Gund = (V’ Eund)a T:VXEjg — {+1’_1}-

Construct a multidirected graph
G = (V’ E’ S’ t’ m)’ E = {eu—w’ eV—N/t | {M’ V} € Eund}’
by setting
s(eusv) =u, tleysy) =v, m(u,v) =1 forallu,v.

If we choose the MDGNN'’s edge-update function h, to ignore the multiplicity argument and to share
parameters for each pair {u, v} according to the bidirection signs t(u, {u,v}), v (v, {u,v}), then the MDGNN
on G reproduces exactly the BIDGNN on B.

Proof. We establish the equivalence by comparing the message-passing steps of MDGNN on G with those
of BIDGNN on B.

1. One-to-one correspondence of edges. Each undirected edge {u,v} € Eung gives rise to exactly two
directed edges in G: e,_,, and e,_,,. We will tie the parameters of their update function k. so that they
reflect the original bidirection 7.

2. Matching incoming/outgoing sets. In the MDGNN, for each vertex v we define
E; ={e€E :t(e) =v}, Ef={e€E:s(e)=v}.
By construction,
E; ={eusy : {u,v} € Eyna}, EJ ={evmw : {v,w} € Eyna}-

In the BIDGNN on B, the incoming and outgoing edge-sets at v are

8;(‘}) = {{M,V} : T(V9 {M,V}) = +1}, 8;(\/‘) = {{V, W} . T(V, {V,W}) = —1}

By tying the MDGNN’s &, parameters for e,_,, and e,_,, so that

incoming update, 7(v,{u,v}) = +1,

he(...ot(u, {u,v}), 7(v, {u,v})) = {

outgoing update, (v, {u,v}) = -1,

v, &6

we ensure that aggregating over £, in MDGNN reproduces the BIDGNN’s “incoming” aggregate é,,, and
similarly for E}.

3. Equivalence of node updates. The MDGNN node update at layer ¢ is

&y =g (el e eEY), &t =gi(el ™V re e EfY),

RO = n, (hY, &5, et).

v v
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Since E; and E;; correspond exactly to &7 (v) and &7 (v), and we have matched the aggregators gz and A,,
this replicates the BIDGNN’s node update.

4. Equivalence of edge updates. For each directed edge e,,,,,, the MDGNN update is
¢ o-1 ¢ ¢
61(4—)>v = he(e,(l_w), hl(l ), hé ), m(u,v)).

By design, m(u,v) = 1 and h, ignores this argument, but crucially we tie its parameters so that it depends
on t(u, {u,v}), v(v,{u,v}) in the same way as the BIDGNN’s edge update

¢ =) L) (¢
egu)’v} = he(eiu’v}), RO RO T, {u,vY), 7(v, {u,v})).

Hence each MDGNN edge update recovers the corresponding BIDGNN update exactly.

Since both node- and edge-updates align layer by layer, the MDGNN on G reproduces the BIDGNN on
B, completing the proof. O

Theorem 4.7 (Preservation of MultiDirected Structure). In every layer of an MDGNN, the following invari-
ants hold:

1. Node-level aggregation separates incoming and outgoing edge features via

E, ={e€E:t(e)=v}, E;={ecE:s(e)=v}.

2. Each edge update explicitly incorporates the multiplicity m(s(e), t(e)), so parallel edges affect their
own representations.

Proof. We prove these invariants by inspecting the MDGNN update rules and then arguing by induction on
the layer index £.

1. Node-level separation. At layer ¢, each node v computes
& = g.({el ey, & = gl({el TV e EYY).
By definition:
E; ={e:t(e) =v} (incomingedges), E, ={e:s(e)=v} (outgoingedges).

Since g, and g/ aggregate disjoint multisets, no incoming message is mixed into the outgoing slot, and vice
versa. The node update
WD = h, (WY, &5, &)

v %
thus uses only correctly classified incoming and outgoing features.

2. Edge-level multiplicity encoding. Each edge ¢ is updated via

s -1 4 4
e = he(ed ™, H{L Il m(s(e),1(e)).

Because the scalar m(s(e),t(e)) € Ny is passed directly into ., the model can learn to scale or modulate
the new embedding e f) according to the number of parallel edges between the same pair of vertices.

3. Inductive argument. Assume that at layer £ — 1, all node embeddings hf,g_ Y and edge embeddings e Ef‘”

satisfy the two invariants. Then:
* The sets E; and E;} remain correctly defined, and the aggregators g continue to combine only the

intended disjoint subsets.
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* The call to h, at layer ¢ still receives the correct multiplicity m(s(e), #(e)), so any learned dependence
on parallel-edge count persists.

By induction, both the separation of incoming/outgoing flows and the explicit encoding of multiplicity hold
at every layer. O

Theorem 4.8 (Isomorphism Invariance). Let G = (V,E,s,t,m) and G' = (V',E’,s’,t',m’) be two multi-
directed graphs, and let ¢ : V — V' and y : E — E’ be bijections such that

s'((e)) = p(s(e)), t'(W(e)) =p(tle)), m'(p(u),p(v)) =m@u,v) Yu,veV, eek.
Suppose node and edge features satisfy

W0) _ 00 (0) _ (0)
Howy =m"s €y =€

and that the MDGNN uses the same parameter functions gz, hy, h. on both graphs. Then for every layer

t=0,1,...,L,
WO _ 0 O _ ()
Howy =M €y =ec’s

and the final readout embeddings coincide:
hg' = hg.

Proof. By induction on £. The base case { = 0 holds by feature correspondence. Assume equality holds
at layer £ — 1. Since ¢ and y preserve source/target and multiplicity, the incoming/outgoing multisets

e((f_l) s t(e) = v}, {ey_l) : s(e) = v} map exactly to their primed counterparts. Because g7, h,, h, are
applied identically, the updates

WO = (h0, 85800, e = helelV M KO m(s(e), ()

IR VER Y s(e)’ Ct(e)’

carry over under ¢,y. By induction, all layers agree, and permutation-invariance of the readout yields
h(;f = hc;. O

5 Conclusion and Future Work

In this paper, we have proposed two novel extensions of Graph Neural Networks—Bidirected GNNs and
Multidirected GNNs. Through simple illustrative examples, we have explored their formal definitions and
demonstrated how they rigorously capture endpoint-specific orientations and parallel-edge multiplicities.
We believe these architectures enable more precise modeling of directionality in graph neural networks.
Looking ahead, we plan to extend this framework to more general relational structures, including:

» Hypergraphs [25} 26 11}, 27],

* Fuzzy graphs [28 29, 30],

* Intuitionistic Fuzzy Graphs[31} 32,

* Neutrosophic graphs [33} 134, 35],

* Plithogenic graphs [36, 37,138} 139],

» Superhypergraphs [40, 41142, 143]44]].

We also intend to develop benchmark datasets in which multidirectedness is an inherent property, and
to create computational tools—such as Python libraries—for practical experimentation with the proposed
models.
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