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Abstract

A matroid is a combinatorial structure that extends the concept of linear independence from vector
spaces to arbitrary sets. Matroids are widely applied in fields such as discrete optimization due to
their rich mathematical properties and their applicability in areas like graph theory and computer
science. Antimatroids and greedoids are well-known related concepts. To address uncertainty, the
concept of Fuzzy Matroids was developed, extending matroid theory using fuzzy sets and serving
as a subject of extensive study. This paper presents the mathematical definitions of Neutrosophic
Matroids, Neutrosophic Antimatroids, and Neutrosophic Greedoids. These combinatorial structures
extend classical concepts by incorporating Neutrosophic sets, facilitating more advanced modeling
of uncertainty and indeterminacy.
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1 Introduction

1.1 Matroid Theory

A matroid is a combinatorial structure that generalizes the concept of linear independence from vector
spaces to arbitrary finite sets [1]]. Matroids exhibit a rich theoretical framework and have found widespread
applications in discrete optimization, graph theory, and computer science [2, 3} 4]].

Over time, several generalizations of matroids have been proposed. An antimatroid is defined via a
family of accessible sets: if a set is feasible, then removing any of its elements one at a time still results in
a feasible set [3,16]. A greedoid, on the other hand, is characterized by hereditary and exchange properties
on feasible sets, allowing greedy algorithms to produce optimal solutions in various contexts [[7, (8} |9} [10]].
Due to their foundational importance, numerous extensions and related structures have been explored in the
literature |11, 12} (13} 14,115, 16].
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1.2 Models for Uncertainty

Various mathematical frameworks have been developed to address uncertainty and imprecision in real-world
problems [[17,[18]]. Among these, fuzzy sets and neutrosophic sets have garnered considerable attention.

A fuzzy set assigns to each element a membership degree within the interval [0, 1], thereby capturing
the notion of partial membership [19, 20, 21, 22, 23| [24]]. In contrast, a neutrosophic set assigns three
independent membership values—truth, indeterminacy, and falsity—to each element, with each value taken
from [0, 1]. This allows for a more nuanced and flexible representation of uncertainty, incompleteness, and
inconsistency [25} 26, 27, 28]].

Several related models have also been introduced, including intuitionistic fuzzy sets [29, 30, 31} [32],
vague sets [33, 34], hyperfuzzy sets [35} 36} 137, 38, 139], and quadri-partitioned neutrosophic sets [40} 41].
These models provide additional flexibility in capturing different forms of uncertainty.

Such uncertainty representations have been successfully incorporated into various algebraic and com-
binatorial structures. One notable example is the fuzzy matroid, which generalizes classical matroids by
replacing crisp notions of independence with membership functions defined on the ground set [42, 43| 44,
435,146,147, 148, 149]. Fuzzy matroids preserve many key properties of matroids while enabling the modeling
of imprecise or partial information.

1.3 Contributions of This Paper

In this paper, we introduce the formal definitions of Neutrosophic Matroids, Neutrosophic Antimatroids, and
Neutrosophic Greedoids. By incorporating single-valued neutrosophic sets into the classical combinatorial
framework, these new structures capture uncertainty, indeterminacy, and inconsistency in a unified manner.
In doing so, we extend existing combinatorial theories—matroids, antimatroids, and greedoids—into the
neutrosophic domain, laying the groundwork for more flexible models in situations where traditional crisp
or fuzzy approaches are insufficient.

2 Basic Concepts in Matroid Theory

In this section, we review the fundamental definitions and essential properties of matroids. For foundational
concepts in set theory, the reader is referred to [S0]. Throughout this paper, we consider only finite struc-
tures. Readers who wish to explore operational or algorithmic details are encouraged to consult the relevant
references as needed.

2.1 Matroid

The definition of a matroid is provided below.

Definition 2.1 (Matroid [[1]). Let E be a finite ground set, and let T C P(E) be a collection of subsets of
FE, called the independent sets. The pair
M = (E,I)

is a matroid if the following axioms hold:
1. Nonempty and Hereditary: () € Z, and if € Zand I' C I, then I' € T.

2. Exchange Property: For any I, Is € T with |I1] < |I2
LU {6} el

, there exists an element e € I \ I such that

The collection T is called the family of independent sets of M.
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Matroids arise in many combinatorial optimization problems, including the matroid intersection problem
[51], the matroid optimization problem [52], and the matroid partitioning problem [353]]. Derived concepts
such as dual matroids [54]], polymatroids [9], and graphic matroids [S5] are also well studied. Because of
its broad range of applications, matroid theory remains an active area of research [S6].

Definition 2.2 (Rank Function and Submodularity). Let M = (E,Z) be a matroid. The rank function
ry:P(E) — {0,1,2,...,|E|}
is defined, for each subset X C F, by
rv(X) = max{|I|: 1 C X, I €ZL}.

The value ry;(X) is called the rank of X.
A function 11 : P(E) — [0, 00) is submodular if for all X, Y C E,

pw(X) +p(Y) = p(XUY) + p(XNY).
Example 2.3 (Graphic Matroid). Let G = (V, E) be the undirected graph with
V = {1,2,3}, E = {{1,2}, {2,3}, {3,1}}.
We construct the cycle matroid M (G) on the ground set E as follows:
* Ground Set: E = { ey, ea, e3}, where

€1 = {1,2}, €y = {2,3}, €3 = {3, 1}.

» Independent Sets:
I= {I C E : I contains no cycle in G}.

Concretely, the independent subsets are

0,
{61}’ {62}7 {63}7
{e1,ea}, {ea,e3}, {e3,e1}.

Note that any two distinct edges do not form a cycle, but { e1, ez, e3} is not independent because it is
the 3-cycle {1,2,3}.

* Bases: A basis is a maximal independent set, so

B= {{61562}7 {e2,es}, {63,61}}
Each basis has size 2, which agrees with the rank of M (Q).
e Circuits: A circuit is a minimal dependent set. Since { e1, ez, e3} forms the unique cycle, the only
circuit is
C = {e1ea e3}.

* Rank Function: For any X C E, the rank ry;(q) (X) is the size of the largest acyclic subset of X.
For instance,

ru@{eez,esl) = 2, ry@ee}) =2, myege}) = 1
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Verification of Matroid Axioms:

1. Hereditary Property: Any subset of an acyclic edge-set remains acyclic. For example, {e1,ea} is
independent, and each of its subsets {e1}, {e2}, 0 is also independent.

2. Exchange Property: Suppose I1,I> € T with |I1| < |I2|. The only case with |I1| = 1 and |Is| = 2
occurs, for instance, when Iy = {e1} and Iy = {ea,e3}. There must be some edge e € I \ I
such that Iy U {e} is acyclic. Indeed, ey or es can be added to {e1} without creating a cycle; e.g.
{61, 62} el

Thus M (G) = (E,Z) is a valid matroid, called the graphic matroid (or cycle matroid) of G.

In matroid theory, the rank function 7, is itself submodular. Related parameters, such as rank-width
and its variants, are studied in [57]].

2.2 Antimatroids and Greedoids

Next, we recall two other well-studied set systems: antimatroids and greedoids.
Definition 2.4 (Antimatroid [58]). Let E be a finite set and let F C P(E) be a family of subsets. The pair
(E,F)
is an antimatroid if the following conditions hold:
1. Hereditary Property: If F € F and F' C F, then F' € F.

2. Accessibility Property: If F' € F and F' # (), then there exists an element ¢ € F such that F'\ { e } €
F.

3. Union Closure: If Fi, Fo € F, then Fy U I, € F.

The collection F is called the family of feasible sets. These three axioms characterize the structure of an
antimatroid.

Example 2.5 (Antimatroid from a Partial Order). Let E = { 1,2, 3}, and impose a partial order on E given
by

1 < 2 1 < 3,
so that element 1 is a prerequisite for both 2 and 3. We construct an antimatroid (E, F) by declaring a
subset F' C FE to be feasible precisely when F is an order ideal (i.e., a downward-closed subset) in this

poset and every nonempty feasible set can remove a maximal element and remain feasible. Concretely, the
family of feasible sets is:

F = {0, {1}, {1,2}, {1,3}, {1,2,3}}.
Below we verify that F satisfies all antimatroid axioms.
* Ground Set: | = {1,2,3}.

* Feasible Sets:
F=1{0, {1}, {1,2}, {1,3}, {1,2,3}}.

Note that any feasible set must contain 1 before it contains 2 or 3, since 1 precedes both 2 and 3 in
the partial order.
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Verification of Antimatroid Axioms:
1. Hereditary Property: If F € F and F' C F, then F' € F. Indeed:
e D C {1}, andh € F.
« {1} C{1,2}, and {1} € F.
e {1} C{1,3},and {1} € F.
« {1,2} C{1,2,3},and { 1,2} € F.
« {1,3} C{1,2,3},and { 1,3} € F.
e Every other pair of subsets either trivially contains ) or is itself in F.

Hence every subset of a feasible set remains feasible.

2. Accessibility Property: If F' € F and F # (), then there exists e € F such that F \ {e} € F. Check
each nonempty feasible set:

o F'={1}: Removing e = 1 yields ) € F.

e F = {1,2}: The maximal element in the poset restricted to {1,2} is 2. Removing 2 yields
{1} e F.

o F ={1,3}: The maximal element in {1,3} is 3. Removing 3 yields {1} € F.

» F'={1,2,3}: Maximal elements are 2 and 3. Removing 2 gives {1,3} € F, and removing 3
gives {1,2} € F.

In each case, at least one maximal element can be removed while preserving feasibility.
3. Union Closure: If F1, Fy € F, then I} U F> € F. Consider any two feasible sets:

e {1}U{1,2}={1,2} e F.

« {1}u{1,3}={1,3} e F.

e {1,2)U{1,3} ={1,2,3} € F.

« {1,2} U{1,2} ={1,2} € F (trivially).
s )UF =F € Fforany F € F.

All unions of feasible sets remain feasible, since each union still respects the requirement that 1 appear
before 2 or 3.

Therefore, (E, F) satisfies all three antimatroid axioms and is called the poset antimatroid induced by
the ordering 1 < 2and 1 < 3.

Definition 2.6 (Greedoid [[7]]). Let E be a finite set and let F C P(E) be a family of subsets. The pair
(E,F)
is a greedoid if the following conditions are satisfied:
1. 0eF

2. (Accessibility) If F € F and F # (), then there exists an element e € F such that F'\ {e } € F.
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3. (Exchange-like Property) If Fy, Fy € F with |F1| < |F;
such that Fy U{e} € F.

, then there exists an element e € Fy \ F}

Example 2.7 (Branching Greedoid on a Rooted Tree). Consider the directed rooted tree I' with root r and
vertex set

V:{T7 a’? b7c}7

and with edge set E consisting of three directed edges (all oriented away from r):
el1: r—a, ey:r—b e3:b—c

We define a set system F C P(E) by declaring a subset F' C E to be feasible if and only if the subdigraph
induced by F' is a (directed) arborescence rooted at r whose vertices are all reachable from r via edges in
F. Concretely, the feasible sets are:

F={o,
{er}, {ea},

{ea2,e3}, {e1,ea},

{e1,e2, 63}}-
We claim that (E, F) is a greedoid. We check each axiom below:

1. O € F. The empty set induces only the root r, which is trivially a valid arborescence.

2. Accessibility: If F' € F is nonempty, then there exists an edge e € F whose removal leaves a smaller
feasible set. Indeed:

o If F ={e1} or F = {ea}, then removing that single edge yields () € F.

o If F = {ea,e3}, then es is a leaf-edge (its head c has no outgoing edges in F'), so F'\ {e3} =
{62} e F.

» If F' = {e1,e2}, then either ey or ea may be removed. For instance, F' \ {e;} = {e2} € F.

o If F = {e1,e2,e3}, then eg is a leaf-edge since its head c has no outgoing edges in . Removing
es yields {e1,e2} € F.

In each case, one can remove a leaf-edge (an edge whose head vertex has outdegree zero within F'),
and the resulting set remains an arborescence rooted at r.

3. Exchange-like Property: Let F'y, Fy € F satisfy |Fi| < |Fa|. We must show there is an edge e €
Fy \ Fy such that Fy U {e} € F. The only nontrivial case arises when |F}| = 1 and |Fs| = 2, or
|F1| = 2 and |Fy| = 3. We check each:

o If i ={e1} and Fy = {eg, e3}, then Fy\ F} = { e, e3}. Adding ey to F gives {e1, ea}, which
is an arborescence rooted at r; hence {e1,ea} € F.

o If 1 ={ex} and Fy = {e1, e}, then Fy \ F1 = {e1}. Adding e; to F yields {e1,es} € F.

e If 1 = {ey,e3} and Fy = {ey,ea,e3}, then Fo \ F1 = {e1}. Adding e to F gives
{e1,e2,e3} € F.

e If i = {e1,ea} and F» = {ey,eq,e3}, then Fo \ Fi = {e3}. Adding es to F yields
{81, 62763} € F.
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In every situation, there is at least one edge e € Fy \ Fy whose addition to Iy produces a feasible set.
Hence the exchange-like property holds.

Therefore, (E, F) satisfies all axioms of a greedoid. This particular structure is known as the branching
greedoid of the rooted tree T'.

3 Review: Fuzzy Matroids, Fuzzy Antimatroids, and Fuzzy Greedoids

In this section, we present the definitions of fuzzy matroids, fuzzy antimatroids, and fuzzy greedoids.

3.1 Fuzzy Matroid

A fuzzy matroid extends the classical notion of a matroid by using fuzzy set theory. Like ordinary matroids,
fuzzy matroids have been studied extensively (see, e.g., [42, 49]). We begin by recalling the definition of a
fuzzy set.

Definition 3.1 (Fuzzy Set [19,124]). Let Y be a nonempty universe. A fuzzy set T on Y is a function
T:Y — [0,1].

A fuzzy relation on 'Y is a fuzzy subset § CY XY (i.e., afunction§:Y xY — [0,1]). If T is a fuzzy set on
Y and § is a fuzzy relation on Y, then § is said to be a fuzzy relation on 7 provided

3y, z) < min{r(y), 7(2)} forally,z€Y.

Next, we give the formal definition of a fuzzy matroid.

Definition 3.2 (Fuzzy Matroid [42}49]). Let X be a finite ground set. Denote by F'(X) the collection of all
fuzzy subsets of X, that is,
FX)={7|7: X —[0,1]}.

For two fuzzy sets 71,12 € F(X), we write 7o C 11 if

To(x) < 11(x) foreveryx € X.
Define the support of a fuzzy set T by

supp(r) = {z € X : 7(x) > 0}.

Foranyv € F(X), let
m(v) = min{v(z): z € supp(v)}.
A pair M = (X,T), where T C F(X), is called a fuzzy matroid if Z satisfies:

1. Fuzzy Hereditary Property: If 71 € Z and 75 C 71, then 19 € I.

2. Fuzzy Exchange Property: Whenever 11,72 € T satisfy |[supp(m1)| < |supp(m2)|, there exists 3 € T
such that:

(a) 11 C 13 C 11V Ty, where

(11 V1o)(x) = max{r(x), (z)} foralzx e X,
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(b) m(r3) > min{ m(71), m(Tz)}.
The set T is called the family of independent fuzzy sets of the fuzzy matroid M = (X, T).
Example 3.3 (A Simple Fuzzy Matroid). Let X = {a,b}. Define four fuzzy subsets of X as follows:

mp(a) =0, 7y(b) =0,
Tao(a) = 0.7, 74(b) =0,
Tp(a) =0, Tb(b) = 0.8,
Tap(a) = 0.7,  74,(b) = 0.8

Let
7z = {T@7 Tay Th, Tab}‘

Then (X,T) is a fuzzy matroid:

* Fuzzy Hereditary: Every strict sub-fuzzy-set of each T € 1L is again in L. For instance, Ty C T, and
Top C b, and 7o, Ty C Tap, all of which lie in 1.

one can choose T3 = T4, or T3 = T, (0 Tp) SO that

* Fuzzy Exchange: Whenever |(11)| < |(72)|,
1 C 13 C 1 V71, m(r3) > min{m(n), m(m)}.

For example, between 1, (support size 1) and Ty, (size 2), we have 74 C Tap C 74 V Tap and m(7ap) =
min{0.7,0.8} = 0.7 > min{0.7,0.7}.

Thus 1 satisfies both axioms and defines a fuzzy matroid.

3.2 Fuzzy Antimatroids and Fuzzy Greedoids

We now present definitions of fuzzy antimatroids and fuzzy greedoids, which generalize antimatroids and
greedoids to the fuzzy setting.

Definition 3.4 (Fuzzy Antimatroid 59, 160]). Let E be a finite ground set, and let F¢ C [0, 1]F be a family
of fuzzy subsets of E. For ji € [0,1]¥, denote its support by

supp(p) = {z € E': p(z) > 0}.

Define the deletion of an element x € E from i by

_July), y#z,
ta(y) = {0’ M

The pair A = (E, Fy) is a fuzzy antimatroid if:
1. Fuzzy Deletion Property: For every ju € Fy with supp(u) # 0, there exists x € supp(p) such that

/.»Lxeff.

2. Fuzzy Union Closure: For any pu1, p2 € Fy, their pointwise maximum ji1 V fi2, defined by

(1 vV p2)(y) = max{u(y), p2(y)} forally € E,

also belongs to Fj.
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Here, F is called the family of feasible fuzzy sets.

Example 3.5 (A Simple Fuzzy Antimatroid). Let E = {x,y} and choose a minimum membership threshold
7 = 0.5. Define three fuzzy sets on E:

po(x) =0,  pp(y) =0,
paz(z) = 0.7, pe(y) =0,
pay(T) = 0.7, pizy(y) = 0.6.

Let
Ff = {M@a Mz, Mwy}-
We claim (E, Fy) is a fuzzy antimatroid.:

* Fuzzy Deletion Property:

Thus every nonempty fuzzy set in Fy admits a deletion that remains feasible.
* Fuzzy Union Closure:
P V gy = (x — max{0.7,0.7}, y — max{0, 0.6}) = gy € F7,
and similarly for the other pairs.

Since both axioms hold, (E, Fy) is indeed a fuzzy antimatroid modeling the requirement that y can only be
“added” when x already has sufficient membership.

Definition 3.6 (Fuzzy Greedoid 60, 61]). Let E be a finite ground set, and let F C [0,1]¥ be a collection
of fuzzy subsets. For u € [0,1]¥, define its support supp(u) and deletion p, as above. Also write 17 < o
to mean 1 (x) < pe(x) for all x € E. The pair

G = (E,Fy)
is a fuzzy greedoid if:
1. Deletion Property: For every ji € Fy with supp(u) # 0, there exists x € supp(u) such that i, € Fy.

2. Expansion Property: If ju1, o € Fy satisfy supp(p1) C supp(p2) and py < po, then there exists
u3 € Fy such that:

(a) p1 < p3 < pa V pg, where i1 V g is defined pointwise by (1 V p2)(y) = max{u1(y), p2(y)}
forally € E,
(b) m(p3) > min{m(u1), m(p2)}, where m(v) = min{v(z) : = € supp(v)}.
The collection F is then called the family of feasible fuzzy sets of the fuzzy greedoid G.
Example 3.7 (A Simple Fuzzy Greedoid). Let E = {ey, ea} represent two tasks where ey can only follow
e1. Define three fuzzy sets on E:
ppler) =0, pp(e2) =0,
pi(er) =08,  pi(e2) =0,
piz2(e1) = 0.8,  pi2(ez) =0.7.
Set
Fr={np, p1, p2}.
We show (E, Fy) is a fuzzy greedoid:
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* Deletion Property:
(,U12)eg =1 € ]:f> (:u‘l)el =My € ff‘

Every nonempty fuzzy set admits a deletion that remains in F .

* Expansion Property:

= From py < pa with (pg) = 0 C {e1} = (1), take pz = p1. Then py < pin < pg V pa = pua,
and m(p1) = 0.8 > 0.

— From py < pig with {e1} C {e, e}, take us = pyo. Then py < pio < p1 V pi2 = pio, and
m(p12) = min{0.8,0.7} = 0.7 > min{0.8,0.7}.

Thus both deletion and expansion axioms hold, and F defines a fuzzy greedoid.

4 Main Results: Neutrosophic Matroid, Antimatroid, and Greedoid

One of the main results of this paper is the investigation of neutrosophic matroids, antimatroids, and gree-
doids. Fuzzy combinatorial structures use single-valued membership degrees to model partial inclusion,
whereas neutrosophic versions assign independent truth, indeterminacy, and falsity values, enabling more
nuanced representation of uncertainty and inconsistency.

4.1 Neutrosophic Matroid

A neutrosophic matroid extends the classical matroid concept by employing single-valued neutrosophic sets.

Definition 4.1 (Single-Valued Neutrosophic Set). [62] 63| 164] 65| 166|] Let E be a finite, nonempty ground
set. A single-valued neutrosophic set (SVNS) u on E is a collection of ordered triples

= {{e, Tule), Iu(e), Fu(e)) : e € E},

where for each e € F,
Tlt(@v Iu(e)7 Fu(e) € [0,1].

Here:
* T,(e) is the truth-membership degree of e,
* 1,(e) is the indeterminacy-membership degree of e,
* F),(e) is the falsity-membership degree of e.
There is no restriction on the sum T),(e) + 1,,(e) + F,(e) other than
0 < Tyu(e) +Lu(e) + Fule) < 3.

Example 4.2 (Customer Satisfaction as a Single-Valued Neutrosophic Set). Consider a survey of 100 cus-
tomers evaluating three aspects of an online service:

E = {Quality, Price, Support}.
The raw responses were:

* Quality: 75 customers satisfied, 10 uncertain, 15 dissatisfied;
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* Price: 50 customers satisfied, 25 uncertain, 25 dissatisfied;
* Support: 60 customers satisfied, 20 uncertain, 20 dissatisfied.

We convert these counts into neutrosophic membership degrees by dividing by 100:
0= {(Quality, 0.75, 0.10, 0.15), (Price, 0.50, 0.25, 0.25), (Support, 0.60, 0.20, 0.20)}.

Here:
* T,(e) is the fraction of customers expressing satisfaction with aspect e;
* 1,(e) is the fraction expressing uncertainty;
 F,(e) is the fraction expressing dissatisfaction.

This single-valued neutrosophic set thus models not only how many customers were positive, but also how
much uncertainty and negativity existed for each aspect.

Definition 4.3 (Neutrosophic matroid). Let E be a finite set, and let each element e € E carry a triple
(T(e), I(e), F(e)) € [0,1]°

with no restriction on T'(e) + I(e) + F(e) beyond 0 < T, I, F < 1. Fix a reliability threshold 7 € (0,1]. A
neutrosophic matroid is a pair
M = (E, V),

where U is a nonempty collection of such triples (single-valued neutrosophic sets) satisfying:
» Hereditary: If 1 € V and v is any neutrosophic set with
T,(e) <Tule), I,(e)>1,(e), F,(e)>Fule) Veek,
thenv € .

* Exchange: If p,v € U and |(n)| < |[(v)|, then there exists w € U and an element e € (v) \ (1) such
that

(w) = () U{et,
T,(f) > 71 forall f € (w).
Each i € VU is called an independent neutrosophic set.
Definition 4.4 (Circuit and Rank). Let M = (E, V) be a neutrosophic matroid.

* A neutrosophic circuit is a minimal j1 ¢ V for which every v < i (in the neutrosophic order) lies in
v,

* The rank of any neutrosophic set v is

ryv(v) = max{|(w)] :w e ¥, w < v}
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Example 4.5 (Simple Reliability Matroid). Let E = {a,b, c}, and assign
T(a) =08, T(b) =06, T(c)=0.7,

together with I(e) = 0.1, F'(e) =1 —T'(e) — 0.1 for each e. Choose threshold T = 0.6, and define
U= {p: erg(i,?)T(e) > 7and |(p)| < 2}.

Then

U= {{a}, {0}, {c}, {a,b}, {a, ¢}, {b,c}},

and one checks easily:

* Any sub-set of an allowed support remains allowed (hereditary).

* Given two supports of different sizes, one can add a link with T' > T to the smaller without violating
minT > 7 (exchange).

Hence (E, V) is a neutrosophic matroid modeling “choose up to two links, each with reliability > 0.6,”
with circuits exactly those triples that violate the size or reliability condition.

4.2 Neutrosophic Antimatroid and Neutrosophic Greedoid

As with matroids, antimatroids and greedoids can be lifted to the neutrosophic setting by replacing each
crisp subset with a single-valued neutrosophic set.

Definition 4.6 (Neutrosophic Antimatroid). Let E be a finite set, and let F,, be a family of single-valued
neutrosophic sets on E. Fix a reliability threshold T € (0, 1]. We say (E, F,) is a neutrosophic antimatroid
if every | € Fy, satisfies:

(NAI) Deletion: If ju # 0, then there is some x € (u) such that
(07 07 0)7 €=z,
pa(€) =
(T,u(e)a Iﬂ(e)a F,u(e))v € 7é €T
also lies in F,.
(NA2) Union Closure: If p1, 2 € Fy, then their pointwise join
(11 V 12)(€) = (max{Ty, (€), Ty (€)}, mind Iy, (), Iy (€)}, mind By, (€), Fia(e)})
also belongs to F,.

In practice, one often takes

Fn={n:Tule)=7Vee (n)}
so that JF,, consists of every neutrosophic set whose support elements all exceed the reliability threshold T.

Example 4.7 (Antimatroid of Assembled Components). Suppose E = {A, B, C} are three parts of a device,
with measured reliabilities

T(A) =09, T(B)=08, T(C)=0.7,
and indeterminacy I(e) = 0.1, falsity F(e) =1 — T'(e) — 0.1. Choose T = 0.75. Then
Fn={ps:SCE, T(e)>0.75foralle € S }.

Explicitly,
e Fo=1{0, {A}, {B}, {A,B} }.



85 Abhath Journal of Basic and Applied Sciences

* Deletion: Removing any one assembled part from {A, B} leaves { A} or {B}, both still reliable.
* Union Closure: Joining {A} and {B} yields {A, B}, which remains in F,.
Thus (E, F,,) is a neutrosophic antimatroid modeling progressive assembly under reliability constraints.

Definition 4.8 (Neutrosophic Greedoid). Let E be a finite set and G, a family of neutrosophic sets on E.
With the same threshold T, (E, G,,) is a neutrosophic greedoid if:

(NG1) Deletion: As in (NA1), any nonempty u € G,, admits a deletion i, € G,.

(NG2) Expansion: If pi,po € Gy and (1) S (p2), then there is an element e € (u2) \ (n1) and a
neutrosophic set 3 € Gy, with

(k3) = (u1) e}, Tus(f) 2 7V € (1a)-

Typically one takes
Gn = { p : (p) forms an initial segment of a reliable path in a network and T'(e) > T}.

Example 4.9 (Greedoid of Path Construction). Let E = {e1, e, e3} be edges of a simple directed tree from
root v toward leaves, with reliabilities

T(e1) =0.9, T(e2) =0.8, T(e3) =0.7, I(e)=0.1, F(e)=1-T(e) — 0.1,
and T = 0.75. Feasible supports are initial edge-sets whose all edges are reliable:

Gn = { (2)7 {61}7 {62}7 {61762} }

* Deletion (NG1): Removing the last edge from any support leaves a shorter initial path still in G,,.

* Expansion (NG2): From {e1} C {e1,e2}, we can add e (since T(e2) = 0.8 > 0.75) to restore a
feasible path.

Thus (E,G,) is a neutrosophic greedoid capturing the process of building a reliable route one edge at a
time.

4.3 Some Properties of Neutrosophic Matroids, Antimatroids, and Greedoids

Next, we explore how a Neutrosophic Matroid induces a classical matroid and a fuzzy matroid.
Theorem 4.10. Let (E, V) be a neutrosophic matroid. Define

Z={(n):pev}
Then (E,T) satisfies all three axioms of a classical matroid, with T as its family of independent sets.

Proof. We check each matroid axiom in turn, adding intermediate steps for clarity.

Axiom (I1) Non-emptiness.

1. Existence of at least one independent set. By assumption ¥ # (), so choose any p € W. Then () € Z.
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2. Empty set is independent. Define pg by
Tuo(e) =0, I, (e)=1, F,(e)=1 VeekF.

Clearly 119 < i, so by (NM1) pg € W. Hence (po) =0 € Z.

Axiom (I2) Hereditary Property.
1. Let A € Z and B C A. Then there exists € ¥ with (u) = A.

2. Define a neutrosophic set v by

3. Foreache € E:
T,(e) < Tu(e), Lie) > L(e), Ee) > Fyle),

sov < pu. By (NM1), v € U.

4. Therefore (v) = B € Z, proving hereditary closure.

Axiom (I3) Exchange Property.
1. Let A, B € T with |A| < |B|. Then pick u, v € ¥ so that (u) = A and (v) = B.

2. By (NM2), there exists w € U such that
< w < puVr, mr(w) > min{mr(p), mr(v)}.

3. Since p1 < w, there is some e € E with T,,(e) > T,(e). But T,(e¢) = 0 whenever e ¢ A, so
necessarily e € B\ A.

4. Hence
(w) = AU {e},

which has size |A| + 1. In particular, (w) € Z and (w) \ A = {e} C B\ A.

Since all three axioms are verified with these explicit intermediate steps, (F,Z) is indeed a classical
matroid. =

Theorem 4.11. Let (E, V) be a Neutrosophic Matroid, and define the map
oV — F(E), o) =T,
where 7, is the fuzzy set on E given by
Tu(e) = Ty(e), ec€E.
Let I = ®(V) C F(E). Then (E, 1) is a fuzzy matroid.

Proof. We check the two fuzzy matroid axioms for 1.
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Fuzzy Hereditary Property. Suppose 7, € I, and let 7, < 7, in the fuzzy-set order, i.e. 7, (e) < 7,(e)
for all e € E. We must exhibit v € ¥ such that (v) = 7,,. Define v by

I,(e) = I.(e) ec k.

Since 7,(e) = T, (e) < Ty(e) and I, (e) = I,(e) > I,(e), F,(e) = Fj,(e) > Fu(e), we have v < p. By
(NM1), v € U, 507, = (v) € I.

Fuzzy Exchange Property. Let 7, ,7,, € I satisfy [supp(7,,)| < [supp(7u,)|. Then py, o € ¥ with
P (1) = Ty, By (NM2), there is w € W such that

p < w < pnVop, mr(w) = min{mge(p), mr(pe)}.
Define 7, = ®(w). Clearly 7, € I. Since i1 < w, some e € E has T,,(e) > T, (e). In particular,
e € supp(7y,) \ supp(7,, ). Hence

supp(7w,) = supp(7,,) U {e},

verifying the fuzzy exchange condition. Therefore, (F, I) is a fuzzy matroid. O

The next two theorems show how a Neutrosophic Antimatroid induces a classical antimatroid and a
fuzzy antimatroid.

Theorem 4.12. Let A = (E, F,,) be a Neutrosophic Antimatroid. Define
F = {supp(p) : p€ Fn}.
Then (E, F) is a classical antimatroid, with F as the family of feasible sets.

Proof. We check the three antimatroid axioms for F.

1. (i) Hereditary Property: Let F' € F, and let F’ C F. Then there is € F,, with supp(u) = F.
Define v by

Tl/(e) = T,u(e)v IV(e) = Iu(e)7 FV(e) - Fp,(e), €€ F/,
T,(e) =0, I,(e) =1, F,(e) =1, ee€ B\ F.
Since v < p, the Neutrosophic Deletion Property implies v € F,,. Hence supp(v) = F' € F.

2. (ii) Accessibility Property: Let ' € F with F # (). Choose p € F, such that supp(pu) = F.
By the Neutrosophic Deletion Property, there exists « € F for which pu, = p\ {z} € F,. Hence

supp(pg) = F\ {z} € F.

3. (iii) Union Closure: Take F}, Fy € F with F; = supp(u;) and pu; € F,. Let u = pq V po. By the
Neutrosophic Union Closure Property, i € F,,. Then

supp(p) = supp(p1) U supp(p2) = F1 U Fy,
so FMUF, e F.

Thus (E, F) is a classical antimatroid. O

Theorem 4.13. Let A = (E, F,,) be a Neutrosophic Antimatroid, and define
O: F, — F(E), ®(u) =1 T7ule)="Tye).
Let Fy = ®(F,). Then (E, Fy) is a fuzzy antimatroid.

Proof. We verify the two fuzzy antimatroid axioms for F.
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Fuzzy Deletion Property. Take 7, € F; with supp(7,) # (. Since u € F,, by the Neutrosophic
Deletion Property there is an element x € supp(u) with 1, = p\ {} € F,. Then 7, = ®(p,) satisfies

supp(7y, ) = supp(7y) \ {z}, so 7, € Fy.

Fuzzy Union Closure Property. Let 7,,,7,, € Fy. Then py,pu2 € Fy,. By the Neutrosophic Union
Closure Property, 1 = 11 V p2 € Fp,. Hence 7, = ®(p) lies in Fy, and

Tu(e) = Tu(e) = max{Ty,(e), Ty,(e)} = (T V 7pp)(€)-
Therefore 7, V 7, € Fy, verifying the fuzzy union closure. O
Next, we show how a Neutrosophic Greedoid generates a classical greedoid and a fuzzy greedoid.

Theorem 4.14. Let G = (E, G,,) be a Neutrosophic Greedoid. Define

G = {supp(u) : pu € Gn}.
Then (E,G) is a classical greedoid, with G as its family of feasible sets.

Proof. We check the three greedoid axioms for G.

1. (i) Empty-set Feasible: Since G,, # 0, pick u € G,,. If supp(u) # 0, then by repeated application
of the Neutrosophic Deletion Property we obtain a neutrosophic set whose support is empty. Hence

0ed.

2. (ii) Deletion Property: Let F' € G with F' # (). Then there is i € G, such that supp(u) = F.
The Neutrosophic Deletion Property yields x € F with pu, = p\ {2} € G,,. Hence supp(u,) =
F\{z} €g.

3. (iii) Exchange Property: Let F, F’ € G satisfy |F| < |F’|. Then choose p, i/ € G,, with supp(u) =
F and supp(y/) = F’. Since supp(p) C supp(y’) and p < g/, by the Neutrosophic Expansion
Property there exists w € G, such that

p<w < pve, me(w) > min{me(p), mr(e)}.

Because ;@ < w, there is an element e € E with T,,(e) > T),(e). In particular, e € F'\ F. Thus
supp(w) = FU{e} € G.

Therefore, (E, G) is a classical greedoid. O
Theorem 4.15. Let G = (E, G,,) be a Neutrosophic Greedoid, and define
Q: G — F(E), ®(p) =14 Tule) =Tpule).
Let Gy = ®(Gy). Then (E,Gy) is a fuzzy greedoid.

Proof. We verify the two fuzzy greedoid axioms for G .

Deletion Property. Take 7, € G; with supp(7,) # 0. Since 1 € Gy, by the Neutrosophic Deletion
Property there is « € supp(p) such that p, = p\ {} € G,. Therefore 7,, = ®(u,) € Gy, and

supp(7y, ) = supp(7,) \ {z}.
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Expansion Property. Let 7,,,7,, € Gy with supp(7,,) C supp(7,,) and 7, < 7,,,. Then pq, 2 € Gp.
By the Neutrosophic Expansion Property, there exists y3 € G, such that

pr < pz < oprVope,  mp(ps) > min{myp(ur), mr(p2)}.

Set 7, = ®(p3). Then 7, € Gy, and 7, < 7y < 7y V Ty
Thus (E, Gy) is a fuzzy greedoid. o

5 Conclusion and Future Tasks

5.1 Summary of Results

This paper introduced formal mathematical definitions for Neutrosophic Matroids, Neutrosophic Antima-
troids, and Neutrosophic Greedoids. These combinatorial structures generalize their classical counterparts
by incorporating neutrosophic sets, thereby enabling more expressive modeling of uncertainty, indetermi-
nacy, and partial truth. We also found that Neutrosophic Matroids, Antimatroids, and Greedoids can further
generalize existing frameworks such as Fuzzy Matroids, Fuzzy Antimatroids, and Fuzzy Greedoids. Given
that matroids are closely related to fundamental structures like spanning trees, future work may include
investigating concrete real-world applications and constructive algorithms for Neutrosophic Matroids and
their variants.

5.2 Future Work

Future research will focus on extending these frameworks within the context of Plithogenic Sets (cf. [67,
68, 169, (70, [71]]). By leveraging the principles of Plithogenic theory—which accounts for complex uncer-
tainty through the degree of contradiction among attribute values—one can further generalize matroids, an-
timatroids, and greedoids into Plithogenic Matroids, Plithogenic Antimatroids, and Plithogenic Greedoids,
respectively. These enriched structures are expected to offer a more flexible and nuanced foundation for
applications requiring advanced uncertainty modeling.

In addition, future directions include exploring potential extensions using the frameworks of Hyperstruc-
tures and SuperHyperstructures [[72, (73, [74, 75,76, 77, [78, 79|, with the aim of enhancing the hierarchical
and compositional expressiveness of these neutrosophic structures.
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