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Abstract 

        H.D. Pande and B. Singh [21] discussed the recurrency in an 

affinely connected space. P.K. Dwivedi [6] worked out the role of   -

reducible space in affinely connected space. A.A.A. Muhib [20] 

obtained some results when   -generalized trirecurrent and 

   special  generalized trirecurrent spaces are affinely connected 

spaces. A.A. M. Saleem [24] obtained some results when the   -

recurrentin   -generalized birecurrent and   -special  generalized 

birecurrent are affinely connected spaces.  

         A Landsberg space of dimension   was first considered by G. 

Landsberg [14] from a  standpoint of variation. As to such spaces  of  

many  dimensions, É. Cartan [5] introduced  it as one of particular 

cases and further  L. Berwald ([2],[3]) showed that the space was  

characterized by      
    , where      

  is the (hv)-curvature tensor. 

H. Yasuda [26] gave  other characterizations of a Landsberg space and 

contributed a little to the theory of  Landsberg spaces. R. Verma [25] 

obtained the condition of a P-reducible   -recurrent  space be a 

necessarily a Landsberg space. A.A.M. Saleem [24] obtained some 

results  when the   -recurrentin   -generalized birecurrent and   -

special generalized birecurrent spaces are Landsberg spaces. P.K. 

Dwivedi [6] worked out the role of    -reducible  space in  Landsberg  

space . 

        In this paper we use the property of   -BR-   in affinely 

connected space and Landsberg space. We have obtained different 
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theorems for some  tensors to be satisfying the conditions of the above 

spaces and we have obtained various  identities in such spaces. 

Keywords:    -Birecurrent Space ,   -Birecurrent Affinely 

Connected Space and    -Landsberg space. 

 

1. Introduction 

Let us consider an n-dimensional Finsler space    equipped with a 

metric function F(        * satisfying the requestic conditions of a 

Finslerian metric [21] . The relations between the metric function F 

and the corresponding metric tensor        are given by 

(1.1)             a)          
 

 
   ̇̇   ̇

̇               and      b)                  . 

        The totality of all such vectors associated with point P of    is 

known as dual tangent space at P and denoted by  ̅ (  , the metric 

function of the dual tangent space is Hamiltonian function H(        

satisfying the three requisite conditions required for a Finsler space. 

Analogous to the metric tensor    (       we define a tensor 

   (        as follows : 

(1.2)                (       
 

 
   ̅   ̅     (       , 

where  ̅  denoted the partial differentiation w.r.t. covariant vector    . 

The quantities    (      constitute the components of a contravariant 

tensor of second order. The quantities                which are 

components of the metric tensor and associate metric tensor are 

connected by 

(1.3)                        
  { 

                         
                          

 

                                                      
*     Unless stated otherwise . Hence forth all geometric objects are assumed to be   

       functions of line–elements. 

**  Indices  i , j , k , … assumed positive integer values from 1 to n . 

***   ̇  = 
 

      . 
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        From the metric tensor  we construct a new tensor      by 

diff.(1.1a) partially w.r.t.    , we get 

(1.4)                   
 

 
   ̇ ̇     

 

 
   ̇ ̇   ̇̇   ̇     , 

where       is known as (h) hv- torsion tensor [14] ,it is positively 

homogenous of degree -1 in    and symmetric in all its indices . 

The (v) hv- torsion tensor     
  is the associate tensor of the tensor 

      is defined by  

(1.5)                    
                    and         b)          

      

which is positively homogenous of degree -1 in    and symmetric in 

its lower indices . 

É. Cartan deduced ([4],[5]) 

(1.6)                             
       ( ̇   )  

        
   

for an arbitrary vector field     , where     
    is Cartan's connection 

parameter and the function    
   is positively homogenous of degree 

one in   . 

The metric tensor       and its associate tensor     are covariant 

constant w.r.t. above process , i.e. 

(1.7)                a)                         and           b)           
  

      . 

Also , the vector      vanish under h-covariant differentiation , i.e. 

(1.8)                                 
    . 

The v (hv)- torsion tensor is defined by 

(1.9)                              
   ( ̇     

  )            
                

The  tensor      
  is called Cartan's fourth curvature tensor and 

defined as 

(1.9a)                       
        

   ( ̇     
  )   

      
       

      *
 

which is skew-symmetric in its last two lower  indices k and h , i.e. 
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(1.9b)                         
        

  

and satisfies the following identity known as Bianchi identity 
  

*- h / k   means the subtraction from the former term by interchanging 

the indices h and k. 

 (1.9c)                        
         

         
   ( ̇     

  )      
      

                                       ( ̇     
  )     

       ( ̇     
  )         

        

The associate tensor         of the curvature tensor       
  is given by  

(1.10)                                            
   . 

The Ricci tensor       of the curvature tensor      
   is given by  

(1.11)                           
       . 

The curvature tensor      
   satisfies the following relations too 

(1.12)                                
         

        

 and                      b)           
       

           
      

    
  h/k , 

where the quantities      
   and     

   form Berwald curvature tensor 

and h(v)- torsion tensor respectively. 

The tensor     
  called h- curvature tensor ( Cartan's third curvature 

tensor ) and defined as  

(1.13a)                   
         

   ( ̇     
  )   

     
 (     

     
    

   

                                                                               
       

           , 

this tensor is positively homogenous of degree -1 in    and skew-

symmetric in its last two lower indices  k  and  h , i.e. 

(1.13b)                  
        

   . 

The associate tensor        of the curvature tensor      
  is given by 
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(1.14)                               
    . 

The Ricci tensor      of the curvature tensor     
  and the tensor   

  

are given by 

(1.15)            a)          
            and       b)          

        
     . 

The curvature tensor     
   satisfies the following identity known as 

Bianchi identity 

(1.16)                         
          

          
  

                                      (    
      

        
     

      
      

 )      

where      
   is called hv-curvature tensor ( Cartan's second curvature 

tensor) and positively homogenous of degree zero in    and satisfies 

the relations 

(1.17)                a)           
         

          
       

      

and                    b)          
           

          , 

where     
   is called v (hv) - torsion tensor . 

Berwald curvature tensor     
  and the h(v) –torsion tensor    

  are 

connected by 

(1.18)                a)            
         

  

and                    b)         
   ̇     

   . 

Berwald constructed initially the curvature tensor      
  and the torsion 

tensor    
  by means of the tensor   

                           

([15],[18]) , according to 

(1.19)              a)            
  

 

 
  ̇  ( ̇   

   ̇   
   

and                  b)          
  

 

 
( ̇   

   ̇   
    , 

where 
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                        c)         
              

             
    

    
   . 

The deviation tensor   
  is positively homogenous of degree two in    

and satisfies 

(1.20a)                        
       

     . 

The tensors     
   and    

   satisfy 

(1.20b)             b)            
   0  . 

In view of Euler's theorem on homogenous functions we have the 

following relation  

(1.21)                  
      

      
     . 

The contraction of the indices i and h in (1.19a) , (1.19b)and (1.19c) 

yields the following : 

(1.22)      a)           
    ,   b)          

       and     c)     
 

   
  

   ,  

where      and  H  are called h- Ricci tensor[22] and curvature scalar 

respectively. 

By using (1.22a) , (1.22b) and (1.22c) these contracted tensors are 

connected by 

(1.23)               a)                      ,      b)                  

and                   c)            (        . 

The tensor          defined by 

(1.24)                                
   . 

     -Birecurrent Affinely Connected Space  

Let us consider an   –birecurrent space  which is characterized by 

(                            | | 
               

                       
         , 
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where        is a non–zero covariant tensor field of  second  order will 

be called h-birecurrent tensor. We shall denote such space and tensor 

briefly by   -BR-    and  h-BR  respectively . 

Transvecting (2.1) by     and using (1.6a) and (1.10) , we get  

(2.2)                                      . 

Transvecting (2.1) by    and using (1.7) and (1.12a) , we get 

(2.3)                        
          

   . 

The associate tensor        of Cartan's fourth curvature tensor       
   is 

satisfying the identity [23] 

(2.4)                                    

                                           (          
           

           
 )    . 

 (2.5)                              2(       
         

         
      

  A Finsler space whose connection parameter    
  is independent of    

is calledan affinely connected space ( Berwald space ). Thus, an 

affinely connected space is  characterized by  any  one  of  the  

following  equivalent  conditions 

(                                    
     

and 
                                      |      

the connection parameters    
   of Cartan and     

   of Berwald 

coincides in affinely connected Finsler space and they are  

independent of directional arguments [23] ,i.e. 

(                                      
     ̇     

    

and 

                                      ̇     
        

Definition 2.1. If  the   -birecurrent space is affinely connected 

space we called it   -birecurrent affinely connected space and 

denoted briefly by    -BR-affinely connected space.   
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Suppose the   -BR-    is affinely connected space and if  ̇       . 

By using these conditions in equ.(3.2),[1] Berwald curvature tensor 

    
  is  h-BR,      

(                          | | 
           

    

Thus, we conclude 

Theorem 2.1. In   -BR- affinely connected space, if the directional 

derivative of  covariant tensor field of second order vanish, then  

Berwald curvature tensor      
   is  h-BR. 

Suppose the   -BR-    is affinely connected space and if  ̇      . 

By using these  conditions in equ.(3.7),[1] the associate tensor 

       of  Berwald curvature tensor      
   is  h-BR,      

(                              | |              

Thus, we conclude 

Theorem 2.2. In   -BR-affinely connected space, if the directional 

derivative  of  covariant  tensor  field  of  second  order  vanish , then  

the  associate  tensor         of Berwald  curvature  tensor      
   is   

h-BR  . 

Suppose  the   -BR-    is  affinely  connected  space  and  if   

 ̇        . By  using  these  conditions  in  equ.  (3.10),[1]   the  

h-Ricci  tensor       is  h-BR  ,      

(                           | |           

Thus, we conclude 

Theorem 2.3. In   -BR-affinely connected space, if  the  directional  

derivative  of  covariant  tensor  field  of  second  order  vanish , then  

the  h-Ricci  tensor       is   -BR . 

Suppose the   -BR-   is affinely connected space and if   ̇      . 

By using these  conditions in equ. (3.11),[1]  the  tensor (    
   ) , is   -BR, i.e. 
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(                       (        | |     (           

Thus, we conclude 

Theorem 2.4. In   -BR-affinely connected space, if the directional 

derivative of  covariant  tensor  field  of  second  order  vanish , then  

the  tensor (             is  h-BR . 

Transvecting  equ.(2.8)  by     and using (1.7) and (1.18a),we get 

(                            | | 
        

    

Transvecting equ.(2.12) by     and using (1.7) and (1.20a), we get 

(                           | | 
        

    

Contracting the indices     and      in  (2.12) and using (1.22b),we get 

(                           | |           

Contracting the indices   and     in equ.(2.13) and using (1.22c),we get 

(                          | |         

Transvecting (2.12) by      and using(1.6a) and (1.24), we get 

(                             | |             

Thus, we conclude 

Theorem 2.5. In   -BR-affinely connected space, if the directional 

derivative of covariant tensor field of second order vanish, then the 

h(v)-torsion tensor    
  ,the  deviation tensor   

 , the vector    , the 

scalar    and the tensor        are all  h-BR. 

Using (1.8) in  (3.16),[1] ,we get 

                           
         

         
    

       
      

       
      

   . 

        Suppose the    -BR-   is affinely connected space, then the 

above equ. can be written  as 

(                             | | 
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Transvecting (2.17) by       and using (1.6a) and (1.14), we get 

(                             | |             

Contracting the indices     and    in (2.17) and using (1.15a),we get 

(                           | |           

Again, transvecting (2.17) by       and using(1.6b) and (1.15b), we get 

(                           | | 
        

    

Thus, we conclude 

Theorem 2.6. Cartan's third curvature tensor      
 , its associate 

tensor        ,the Ricci tensor      and the tensor   
  are all h-BR 

either the space is    -BR-    or     -BR- affinely connected space. 

         Suppose the    -BR-   is affinely connected space. In view of 

(2.2b), the covariant  derivative of the identity (1.9c) with respect to 

    in the sense of Cartan and using (2.2),[1] equ., gives 

(                              
          

          
      

Thus, we conclude 

Theorem 2.7. In   -BR-affinely connected space, the  identity (2.21)  

holds  good . 

Contracting the indices   and   in (2.21) and using (1.9b) and (1.11), 

we get 

(                                
                     

which can be written as  

(                            
   

 

   

(                )   

Thus, we conclude 

Theorem 2.8. In   -BR-affinely connected space, Cartan's fourth 

curvature  tensor      
   defined  by  the  formula  (2.23) . 
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Suppose the   -BR-   is affinely connected space. In view of 

equ.(1.8) and (2.1b) the identity (1.12b) can be written as 

(                             
      

    

Putting (2.24) in (2.21), we get 

(                                  
           

           
      

Transvecting of (2.25) by     and using (1.7) and (1.18a), we get 

(                               
         

        
      

Thus, we conclude 

Theorem 2.9. In    -BR-affinely connected space, the  identities 

(2.24), (2.25) and  (2.26) all  hold  good . 

Suppose the    -BR-   is affinely connected space. In view of 

equ.(1.17a) and equ. (2.1b) the Bianchi identity  (1.16) for Cartan's 

third curvature tensor      
  can be written  as 

(                           | 
      | 

      | 
      

Diff. (2.27) covariantly w.r.t.     in the sense of Cartan and using 

(2.17), we get 

(                                  
          

          
      

Contracting the indices    and    in (2.28) and using (1.13b) and 

(1.15a),  we get 

(                                  
                    

which can be written as  

(                           
   

 

   

(             )   

Thus, we conclude 

Theorem 2.10. In   -BR- affinely connected space, Cartan's third 

curvature tensor      
   is defined by the formula (3.30). 

      -Birecurrent Landsberg Space  
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Cartan
'
s connection parameter     

   coincide with Berwald
,
s connection 

parameter     
  for a Landsberg space which characterized by the 

condition   

(                                 
          |                    

Various authors denote the tensor     |        by       H. Izumi 

([7],[8],[9],[10], [11]),  H. Izumi and T.N. Srivastava [12], H. Izumi 

and M. Yoshida [13] and M. Matsumoto [17]. 

Remark 3.1. An affinely connected space is necessarily a Landsberg 

space. However, a  Landsberg space need not be an affinely connected 

space. Hence, any results obtained in  anaffinely connected space 

satisfy  in aLandsberg  space.   

Definition 3.1. If the   -birecurrent space is a Landsberg space we 

called it a   -birecurrent-Landsbergspace and denoted briefly by   -

BR-Landsberg  space . 

Now, suppose  the    -BR-    is  a  Landsberg  space . 

Remark 3.2. All  results  in    -BR-affinely  connected  space  which  

obtained  in  the  previous  section satisfy  in    -BR- Landsberg  

space . 

In section (1), the  associate  tensor         of  Cartan's fourth  

curvature  tensor      
   satisfing  the  identity   (4.28),[1]  . 

Diff. (4.28),[19]  covariantly  w.r.t.      in the sense of  Cartan's, 

we get 

(                          |        |         |         (     |     
 

         | 
      |     

          | 
      |    

 

         | 
      

Diff.(3.2) covariantly w.r.t.     in the sense of Cartan and using equ. 

(1.26), we get 
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(           (                           (     | |     
      |     | 

        |    | 
          

         | | 
      | |     

      |    | 
       |     | 

 

         | | 
      | |    

      |     | 
 

     |     | 
         | | 

        

Transvecting (3.3) by      and using (1.17), (3.1) and  (2.6),[1] , we 

get 

(                         (                 )       (    |    | 
     

     |     | 
       |    | 

 )

         (        
          

          
 )   

Putting  (4.8),[1] in (3.4), we get 

                    (    |    | 
      |    | 

      |    | 
 )    

or 

(                            |    | 
      |    | 

      |    | 
      

Transvecting (3.5) by      and using (1.6b) and (1.4b), we get 

(                          | 
    | 

     | 
    | 

     | 
    | 

      

Transvecting  (3.6) by     and using (1.17a), we get 

(                          
    | 

     
    | 

     
    | 

      

Transvecting  (3.7) by     and using (1.7), (1.17b) and (1.21), we get 

(                          
   | 

     
   | 

      

Thus, we conclude 

Theorem 3.1.In    -BR-Landsberg space, the identities (3.5), (3.6), 

(3.7) and (3.8)are all hold good. 

Now, transvecting the Bianchi identity (1.9c) for Cartan's third 

curvature tensor      
  by     and using (1.7), (1.12a) and (1.8), we get 

(         | 
     | 

     | 
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Diff.(3.9) covariantly w.r.t   in the sense of Cartan and using 

equ.(1.27),we get 

(                     
        

         
     | 

     
     

     | 
 

    | 
    

     
    | 

     | 
    

     
    | 

       

In view of (3.7) the equ.(3.10) can be written as 

(                    
         

         
     

    | 
     

    | 
      

    
    | 

       

Transvecting  (3.11) by     and using (1.7)and (1.20b), we get 

(                     (      
        

        
 )       

which can be written as 

(                              
        

        
      

provided        which  is  equ.(2.26), this  emphasizes  remark 3.2. 

Thus, we conclude 

Theorem 3.2. In    -BR-Landsberg space, the identities (3.11),(3.12) 

and (3.13) are all hold good . 

Transvecting (3.13) by      and using (1.7) and (1.21), we  get 

(                          
       

       
       

since                         
        

which can be written as 

                             
  

 

  
(     

       
 ) 

or 

(                        
      

      
    

                            
   

  

    

Diff.(3.15) partially w.r.t .       and using(1.18b), we get 
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(                              
    ̇ (    

      
 )   

Contracting the indices     and    in (3.15) and using (1.22b) and 

(1.22c), we get 

(                                  
  (           

Diff.(3.17) partially w.r.t.        and using (1.23a), we get  

(                                ̇  {    
  (        }   

Thus, we conclude 

Theorem 3.3. In    -BR-Landsberg space, the h(v)-torsion tensor 

   
  , Berwald curvature tensor      

  , the vector     and the h-Ricci 

tensor     are defined by the equations (3.15), (3.16), (3.17) and 

(3.18) respectively.  
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بعض أنواع فضاء فنسلر    ثنائي المعاودة  –   (1)  
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 الملخص

فضاء فنسلر الذي ٌكون فٌه الموتر التقوسً تم دراسة      
ثنائً المعاودة، كما تم  

التقوسً العادي  دراسة فضاء فنسلر الذي ٌكون فٌه الموتر      
ثنائً المعاودة.  

     وللاستمرار فً دراسة الموترات التقوسٌة الرابعة لكارتان
نائٌة المعاودة ث 

kh وكذلك الموترات الالتوائٌة ثنائٌة المعاودة فً فضاء فنسلر ثنائٌة المعاودة تم  -

دراسة بعض الفضاءات واستنتاج بعضها من الأخر فً هذه الورقة . كما تم 
الحصول على مبرهنات مختلفة متعلقة بهذا الفضاء وتم الحصول على متطابقات 

 مختلفة متعلقة بالفضاءات

kh-birecurrent affinity connected space kh- bireanrrent 
Landsblerg space . 
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