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Abstract

In this paper, we introduce the g-analogue generalized Laguerre
polynomials of one variable and two variables. some recurrence relations for

these g-polynomials are derived.

Keywords: g-analogue Laguerre polynomials, generating functions, recurrence

relations.
1. Introduction

In this section, we will give a summary of the mathematical notations and

definitions required in this paper for the convenience of the reader.

The basic hypergeometric or g-hypergeometric function 4, is defined by

the series [3]
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31,...,3r; ( ) ( )(j Zn
o (a seensd,q)y (1+s—r)n l+s—r g
r¢s 4,z |= 1—_1 q R
b] b . ; (bl""’bs’q)n( ) (qﬂq)n

(1.1)
where (al"“’ar’ q)n = (al;q)n "'(ar; q)n :

Let the g-analogues of Pochhammer symbol or g-shifted factorial be
defined by [3]

1 , n=0
(&qh={wn (1—aq’) ,n=123...

(12)
0 k>n

where (q_n; q)k = (QQ Q)H (_ l)k q@‘“" k<n
(4:9),.+

(13)

(0;9),=1.
also
(2:9),. = (:9),(aq"s ).
(1.4)
where lim M = (Z)k )

g1 (1 — q)k B

The g-binomial coefficient is defined by[8]
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H (@9 g j<n knen,
k . (QQQ)k(q;q)n—k

(1.5)
—n n+k-1 sy A5
ol = i (—q )q , neCykeN,.

(1.6)

Exton [2] presented the following g-exponential functions:

E(u, z.q)= Z []m'l)z“

n=0

(@:9),
(1-q)y"

where [n]q!=

In Exton's formula, if we replace z by li and u by 2a, we get

where

Fyfxa)= Z(q, q),
(1.7)

which satisfies the functional relation
Eq(x, a)- Eq(qx, a)= XEq(an, a).

The above g-function can be rewritten by the formula
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1 a
DqEq(x, a): EEq(q X,a).
(1.8)

The formulas for the g-difference D, of a addiction, a product and a

quotient of functions are [7]

D, F{x)+ 1 2(x)= 2 D, {(x)+ 1 D, ()

(1.9)
D,(f(x)g(x))= f(qx) D,g(x)+ g(x) D, £(x),
(1.10)
1)) _ WD, - AIDelx)
D"(g(X)J_ g(x) g(gx) .+ elelay 20
(111)

Also, the g-analogue of the power (binomial) function (Xi y)” is given by [5]

(x£y) =(xty),= X“(¢ %;ql E X"gm q@(i %Jk
(1.12)

The Laguerre polynomials LH(X) of norder are defined by means of a

generating relation [6]

(1—t)" exp(l_—xtt):i L(x)t", [4<1, 0<x<oo

n=0

(1.13)

and the following series definition
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(1.14)

Also, the associated Laguerre polynomials are defined by the generating

function [6]

(-0 e 2= 3 100
(1.15)

and the series definition

(« 1) (I+a) x*
5= ZIE'(H) (k)'(ln)La)k

(1.16)

The two variable Laguerre polynomials are defined by the generating

function [1]:

<1qu: sz@»t

(1.17)
Or equivalcutly
—l-a — Xt o a n
O e W
- yt n=0
(1.18)

The two variables Laguerre polynomials are defined by the series definition
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(1) x
DX

J(xy)=n

(1.19)

Further, the two variable associated Laguerre polynomials are defined by [1]

. D (+a), Xy
£ )= Z R—k)(+a),

(1.20)

The g-Laguerre polynomials are defined by [4]

-n,

atl. q-
s
Q) a+l :

(g™ ), Z(q‘";q)kq@(l q) (q"'x)

- (qa q)n k=0 ( a+1’ q) (q’ q)k ’
(1.21)

wherear >—-1, 0<g<1 and n=0,1,2,3,....

The g-Laguerre polynomials are specified by the following generating

function:
»n Lgna) g tn _ 0 qn +an (_ Xt)n
; ( ) ; {n}q ' (t7 q)l+a+n
a+1
“artlo /o)
(1.22)

where g-exponential function e, (X) is defined by
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(1.23)
and
. (3) X
:q), =2, (-1)'q¢Y —=E,(x).
(sa). =X o= £
(1.24)

The g-Laplace transforms is defined by [9]

LU= [ e s ) Rs)>0

(1.25)
and

L= o
(1.26)

2. The Generalized q-Laguerre Polynomials of One Variable

In this section, we introduce the generalized g-analogue Laguerre

polynomial of one variable by the following:

a+l,
Lgna) x,a;q) = q .9), ¢ q—n,qa+l;q(a+l),qa+2x .
( ) qa'+ln(q q)nl 1( )

2.1)

Now, we get generating function of the generalized q-analogue Laguerre

polynomials in the form of the following theorem:
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Theorem 2.1

The following generating function for the generalized g-analogue

Laguerre polynomials L(If’ )(X, a; q) holds true:

o B[22 5 i

n=0

(2.2)

<l,aeZ",0<x<o.

where ||

Proof. Let we denote the left hand sides of (2.2) by W, then
w=[1-("E, [1 = }

and using (1.7), we obtain

weS 8y e

k=0 (q, q)k
(2.3)

by using relation (1.12), we get
w=3 e oot e
( q)k n=0 q
(2.4)

and using relation (1.6), we find

X)k (05+k+ n] ek
t,
=0 k=0 (q; Q)k L n q

(2.5)
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which on using relation (1.5), gives

CH) R
@@,
K., KLk
(”” q), < () (¢9), 4 () e,

< q“(qq), k=o (@9 (g*9) (g ),

from relation (1.3), we get

ar)( K
wog Ga) ea (gniq) e

= ¢“"(q,9), & (9), ()

(2.6)
now, using definition (2.1), then we obtain the required relation (2.2).

Next, we derive some recurrence relations for the polynomials

L(n“)(x, a;q) in the form of the following theorems:

Theorem 2.2
The generalized g-analogue Laguerre polynomials of one variable

L(H“ )(X, a; q) satisfy the following relation:

D I(x,a;q)=—L“"(q"x,a; ).

n-1

2.7)

Proof.
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Differentiating both sides of (2.2) with respect to X, we get

Z lea)(x,a q = i ak*‘"’( )(Xt) [1 t]—2—a—k

=0 (q, q)k

which on using (1.12), becomes

0 3k+3(2) o !
Z; DI(x a;q)t" = tZ( ) (q’qij“) Z[ 2= k]q RO
2.8)

by using relation (1.6), we obtain

ak+a

- - (B¢ ¥ @ Mgkt sl

Z(; DXL(,,a)(X,a;q)t":—t;(—wwz{OH +n+ } (g Ve
. B q

(9, & n

& gmg), & a5 () (- (@9, (CR
- Z; 7“7 Nqq),, ;q @9da 9@ a0

on using relation (1.5), we find

i DXL(:’)(X, a; q) t"
n=0

_ a8 o) C) T ™ (g, ) o
- Z “*2 Mg q), ;q (@:9)q"”:q)(a:9),.c

Using relation (1.3), we get
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n-1

S DI xag)=- 3 (“+%q)_ § e alla S

P = qe g q),, & (¢:9). (g% q),

a+2,
= q(agczl)(n—lg(qq)_ng) 1¢1 (ql—ﬂ b qa+2 5 qa-‘-1 s qa+a+3 X)
s n-1

By equating the coefficients of t", we obtain the required relation (2.7).
Theorem 2.3

The generalized g-analogue Laguerre polynomials of one variable
L(H“ )(X, a; q) satisfy the following relation:

[n+1], 1) (x, a5 q)= (e + )L (x, a3 q)

_XZ f ( l)k (nz—k—) -1-k) (k+1’ q)n_k_r(qmz,q)r Xk

o (49 (% 9),i(@:9),

(2.9)
Proof.

Differentiating both sides of (2.2) with respect to ¢ and using relation
(1.10), we get

; +0)
> [n], L) (x,a;q)t"" = a+12( 1)’< @ g’)‘t) -

n=0

. ak+a(2) (Xt) .
s | D N e e U

k=0

(2.10)

using the relation (1.12), in the above equation we get
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. a(k) N P ]
z [n+1]q ) (x,a;q)t a+lz (xt) Z[ 2 k} q(zj(—t)"

= (q,q)k Sl n
G q@{iﬂq” orgr S

by using relation (1.6), we find

S g a+k+n+
Z [n+1], 1) (x 2 ¢)t" = (@ + 1)} (~1)* & () z[ k 1} (s e

k=0 (q; q)k =0

"’W@(X)k i[k “ﬂ (g,

k:O (qa q)k n=0

which on using relation (1.5) gives

k a )+ —2-a—k)(n-k)

Z [n+1]q (H’ﬂ(x,a q)t" —(05+1)Z z (1) (qa+2;q)n(x)k

f
=0 k=0 Q) ( “2, q) (q, qQ)n-i

DI 1) g (G @@ Doer s (B s

t ,
=0 k=0 1=0 (q’ Q)k(qa ) (Qa q)n(%q a+l(q7 Q)r

2.11)

applying relation (1.4), we get
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z [n+1]q ) (x,a;q)t" —(a+1)z ((q’“z’q)n iq(aﬂ)(lz‘) (1) q@ Hk(q q)n (q“”x) )

S (g .q), 5 (€9).(q¢"*:9).(¢9)..
-k ( 1)1« q(n—k—r)(—— )( qk+1, q) ) (qa+2, q) (x)k
—k— r tn,
XZ@ ; Z; 0> (¢ 9) ()i (@ 9),

Using relation (1.3), we get

[n+1], £ (x a5 q)= (e +1) z(m ), Z @i8) (g5 ) (g )

g L 7_Wq_,f pr (g:9).(q"":q),

L3 § G ), 0 ) ()

Grecr (q’ q) (q9 q)n—k—r (q’ q)r

a+2
=(a+1%1¢1(q 4% g™, q""x)

n  n-k lk (n—k-r)(-1-k) k+1’ a+2’ Xk
> § (-1)'q i (¢ q),ir (g™ q), ’

e "(4:0) (@ @)sr (3 9),

=0 =0 q

By using definition (2.1), we get the required relation (2.9).
Theorem 2.4

The q-Laplace transform of generalized q- Laguerre polynomials

[fna)(x, a; q) is defined by

et S A 2]

l_qsqa+1 (q’ S

(2.12)
where t>0 .

Proof
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By using definition of the g-Laplace transform (1.25) then the relation

(2.2) can be written as

By using relation (1.26), we get

"y a+1)(12‘)+(a+2)k n .
{L("’)(x,a q)} ((a+1 ) Zq (q:9), (q ’q)k {(q’ki]l) k},

1-q¢""(gq), 5 lg":q) | s
which is the required relation (2.12).
3. The Generalized q-Laguerre Polynomials of Two Variables

We introduce the g-Laguerre polynomials of two variables by the

following:

a+l1
L)(x, y,a;q)= (M;q) Y mﬁ{q ,q“1; g\, g EJ-
(gq), y

(3.1)

Now, we derive the generating function for L(f)(x, y,a;q) in the form of

the following theorem:
Theorem 3.1

The following generating function for the g-analogue Laguerre

polynomlals (X, y,a;q) holds true:
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<1.

i ytraE["“ } S 1x ya:q)e"s ac 72
n=0
(3.2)

Proof. Let we denote the left hand sides of (3.2) by H, then using (1.7), we

obtain

o ot

(¢:9),

PR el

by using the relation (1.12), we get

H=3( 1)k‘1(kj z{ tmas ’1 Ay,

k=0 (q7 CI) -0
(3.3)

applying relation (1.6),we obtain

-

¢q) | n

H=3 360 q((j )[Mkml(q‘*w—“y)“ -

From relation (1.5), we find

& ey (H“W@M (¢:9), wr X)
H_,; 4“(g;q), £ Z @ (0" a)(E e (q Yj a

(3.4)

using the relation (1.3), we obtain

. i C(]aﬂ’q) v a+1)('z‘) (7":q), (qWEJktﬂ,

(g q), 2 (q, Q). (" q),

n=0
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which by using definition (3.1) yields the required relation (3.2).

Note.

[(xl,2;q)= 1 x a;q) I“(x y0:q)=[(x, y;q),

and
L (x-y;q)= (1) L (x v q).
Next, we obtain some recurrence relations in the form of the following
theorems:

Theorem 3.2

The generalized g-analogue Laguerre polynomials of two variable

L(H“)(X, ¥, 4, q) satisfy the following relations:

a (a) . 1 (a+1) a .
Sy —— I ,
B (x vasq)= o (¢"x y.a:9)

(3.5)

and

g/L (%, y,a;9)t" = (@ +)I“(x, y,a;q)

85 il

(l q)k i 2+a r+(1+k)(n—k—r-2 )(q’ q) (q q) (q’q o .
(3.6)

Proof.

Differentiating both sides of (3.2) with respect to X, we get
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- 5 “ ) e —t q°xt
i : == 71 (Ed| ~
> P! (x y.a:q)t" =[1- yt], {(- } q{ 1‘Yt,a}

n=0 1 qu - yt ]q

. ak+a(12‘) i
t w9 (Xt) B 2ok
-q) ;( 1) (g 9), =y

(3.7)

by using relation (1.6), we get

i o e faman]
= i e T

5

applying relation (1.6), we obtain

ak+a(12() k
sl a ( ) (Xt) i l:a + k+ n + 1:| (—2—0(—1()11 n
— LYx, y, a; — 5
2 ol (e yaa)t Z ), . a ()

which by using relation (1 .5), we find

- 0 (« n
> &L(n (x ya;q)t

n=0

( a+2, q)n—l yn—l -l ) qa"+(a+1}(12<)+(k)‘("-1)k (q’ )H_l ( » Ejk )
T (- q)n; @2 (g:q),., kz(;( ) (@@, t

» a+2 1 o ‘"‘k+(‘"‘+1)(12() I-n k
=_(1_1 )Z (q 7q)n_1y’ 1 q (q ,q) (qa+3§J £,

q“ N qq),, ; () \q":q), y
(3.8)

which on equating the coefficient of t" yields the required relation (3.5).

Again, differentiating the both sides (3.2) with respect to y, we get
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i aa (x y.a;q)t" (a+1)t[1_ytL2—aEq[_ xt a}

pur 1=yt
e [ el =]

By using relations (1.7) and (1.9), we get

(3.9)

n=

w w m ]
0 % (x y,a;9)t" =(a+1 tkz:; ( )Z{ 2 k} q(z)(_yt)n

k
e [2a] (5 e va {l_k} By
- _ -1 _
(l_q);[ r lq o S s e
and using relation (1.6), we find
S . ti (g)(xt)ki[a+k+n+l} E—
— , 05
pry 8y X,y q k=0 qaq)k n=0 n qq

n

. [a +re+ 11 o (qyt)rg(— ¥ qakz;(;i)(:t)k g[ k+ nl )

5

By using relation (1.5), we get
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i aay (x y,a;q)t"

n=0

= (+1)} " squr Sy I g, (q“”xJk ;

=0 q(a+2)(ﬂ_l)(CI> Q)n_l k=0 (Qa q) (qa+2> q ) (q> q)n—k—l y

X i H—2H§2 (—l)k qa(lf)(qa+2,q) (qk+1 )H o Z(X)ky"_k_’ 5

t",
(l_q) L Lo L q(2+a)r+(1+k)(n —k—r— 2)(q, )r(q ’q) (q’ )n_k_r_
(3.10)

which on using relation (1.3), we obtain

o0

2 - L(“ (x y.a;q)t"

n=0

n=0

_ (a+1)i (qa+2,q) Ly q(a+1>(2)(ql—n; q)k [q(mxjk .

¢ Ngq),, & (¢9)a"%q)

x &, m2nk2 . (2)( a+2’q) (qk+1’q) N —z(X)k yu—k—r—2 )
—_ n—. T t ,
(1- q)g = 20: = 2“‘ P (0 q),(q 2 0)( @ )i

then equating the coefficient of t" yields the required relation (3.6).

Theorem 3.3

The generalized g-analogue Laguerre polynomials of two variable

L(If’ )(X, Y, a; q) satisfy the following relations:

i a+2
ZO [H+1]q[gi)1(X v, a;q)t" _(OH'I%MA( T G ?}]
19
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Ly el aia). . 5],

==t g= N (g 0) (45 9) (6 @) \ Y
G.11)

Proof.

Differentiating both sides of (3.2) with respect to ¢, we get

Z [n]q ¢ (X y,a;q)t’“:(a+l)y[1—yt];2'aEq[—l_Xt ,a}

' {(l —~q)I —_th)(l - qyt)}[1 “a” Eq{_ lq—axytt’ a}

by using relation (1.9), we get

0 L
S Il s ) = (s )53 (-1) Wz{2 ﬂ@kw

k=0 (q Q)k =0

aaz{r:lwqu(wf%%”Z[ 4

(@9, =
by using relations (1.6), we get

Z [n+1], 7 (x. yo as g)r”

. L
= (a + l)yz (_ 1)1‘ q(q (;;() |:C¥ + I;+ n+ 1:| q(—Z—a—k)nynth(

q

which using relations (1.6), we find
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" a(2j+(—2—a—k)n .
1 . a, T — 1 -1 k4 (q’ q)a+1+k+n (X) yn n+k
) e v

ak+a(12()+(—2—a )r+(=1-k)n

—_ (q’ q)a+r+1 (q’ q)k+11 (X)k (Y)H+r tn+k+r
k=0 k.r=0 (q; q) (q; q)r (q; q)k(q; q)k(q; q)n

5

Z [H+1]q n+l X y,a,q)tn

@

) (a+2 )y" a+1)()(k)—ﬂk( ) a+_kn

X By s v ‘"‘“‘"’ ( a+2 )( k+1,q)n_k_ x k .
@wZ@ZZ(”&WMW()<¢<L+(%

n=0 k=0 k.r=0

Also, using relation (1.3), we obtain

> 0 a+2 ., n+l  n (a+l{§) _n, k
Z [H+ l]q ng_{ (X, y.a; q) " = (a{ + l)yz (q(a+2;ncé)u yl Z q (ZH s q)k (qa+3 fj £
n=0 q k=0 N :

n=0 qe q)n

ak+a(12‘) wea ksl X k
Z( Yy Z (-1) M)H(uk)(n_(fr)(q’,q))r(gq, q’)zzz,k D (_J 3

k=0 k.r=0 y

Which on equating the coefficients of t" yields the required relation (3.11).
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