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Abstract 

In this paper, we introduce the q-analogue generalized Laguerre 

polynomials of one variable and two variables. some recurrence relations for 

these q-polynomials are derived. 
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1. Introduction 

In this section, we will give a summary of the mathematical notations and 

definitions required in this paper for the convenience of the reader. 

The basic hypergeometric or q-hypergeometric function sr  

the series [3] 
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where nrnnr qaqaqaa ;;),,,( 11 . 

Let the q-analogues of Pochhammer symbol or q-shifted factorial be 

defined by [3] 
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     The q-binomial coefficient is defined by[8] 
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Exton [2] presented the following q-exponential functions: 
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     In Exton's formula, if we replace z  by 
q

x
1
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which satisfies the functional relation 
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The above q-function can be rewritten by the formula 



 
 

                            

               
axqE

q
axED a

qqq ,
1

1, .                                                                    

(1.8) 

The formulas for the q-difference qD of a addiction, a product and a 

quotient of functions are [7] 
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Also, the q-analogue of the power (binomial) function nyx is given by [5] 
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The Laguerre polynomials xLn  of n order  are defined by means of a 

generating relation [6] 
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and the following series definition 
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Also, the associated Laguerre polynomials are defined by the generating 

function [6] 
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     The two variable Laguerre polynomials are defined by the generating 

function [1]: 
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Or equivalcutly 
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The two variables Laguerre polynomials are defined by the series definition 
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Further, the two variable associated Laguerre polynomials are defined by [1] 
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     The q-Laguerre polynomials are defined by [4] 
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where 10,1 q   and ,3,2,1,0n . 

     The q-Laguerre polynomials are specified by the following generating 

function: 
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where q-exponential function xeq  is defined by 
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The q-Laplace transforms is defined by [9] 
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2. The Generalized q-Laguerre Polynomials of One Variable 

In this section, we introduce the generalized q-analogue Laguerre 

polynomial of one  variable by the following: 
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Now, we get generating function of the generalized q-analogue Laguerre 

polynomials in the form of the following theorem: 



 
 

                            

Theorem 2.1  

The following generating function for the generalized q-analogue 

Laguerre polynomials qaxLn ;, holds true: 

              

n
n

n
qq tqaxLa

t
xtEt ;,,

1
1

0

1 ,                                                   

(2.2) 

where xZaqt 0,,1,1 . 

Proof. Let we denote the left hand sides of  (2.2) by W , then 
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by using relation (1.12), we get 
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which on using relation (1.5), gives 
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from relation (1.3), we get 
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now, using definition (2.1), then we obtain the required relation (2.2). 

Next, we derive some recurrence relations for the polynomials 

qaxLn ;,  in the form of the following theorems: 

Theorem 2.2 

The generalized q-analogue Laguerre polynomials of one variable 

qaxLn ;,  satisfy the following relation: 
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Differentiating both sides of (2.2) with respect to x , we get 
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on using relation (1.5), we find 
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Using relation (1.3), we get 
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 By equating the coefficients of nt , we obtain the required relation (2.7). 

Theorem 2.3 

The generalized q-analogue Laguerre polynomials of one variable 

qaxLn ;,  satisfy the following relation: 
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using the relation (1.12), in the above equation we get 
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By using definition (2.1), we get the required relation (2.9). 

Theorem 2.4 

The q-Laplace transform of generalized q- Laguerre polynomials 

qaxLn ;,  is defined by 
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By using relation (1.26), we get
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3. The Generalized q-Laguerre Polynomials of Two Variables 

We introduce the q-Laguerre polynomials of two variables by the 

following: 
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Now, we derive the generating function for qayxLn ;,,  in the form of 

the following theorem: 
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The following generating function for the q-analogue Laguerre 
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which by using definition (3.1) yields the required relation (3.2). 
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Next, we obtain some recurrence relations in the form of the following 

theorems:  

Theorem 3.2 

The generalized q-analogue Laguerre polynomials of two variable 

qayxLn ;,,  satisfy the following relations: 

            
qayxqL

q
qayxL

x
a

nn ;,,
1

1;,, 1
1 ,                                                 

(3.5) 

and 

         
qayxLtqayxL

y n
n

n ;,,1;,, 1
1  

                    2
212

2
2

1222

0

2

0 ;;;
;;1

1 rknkr
rknkr

rknk
rkn

k
r

ka
n

k

k
kn

r qqqqqqq
yxqqqqq

q
x .          

(3.6) 

Proof. 

Differentiating both sides of (3.2) with respect to x , we get 



 

17                            

        
a

yt
xtqE

ytq
tyttqayxL

x

a

q
q

q
n

n
n

,
111

1;,, 1

0
 

                   

k
q

k

k
kaak

k

k yt
qq

xtq
q

t 2
2

0
1

;
1

1
,              

(3.7) 

by using relation (1.6), we get 

n

n

n

qk

k
kaak

k

kn
n

n
ytq

n
k

qq
xtq

q
ttqayxL

x 0

2
2

00

2
;

1
1

;,,

, 

applying relation (1.6), we obtain

,
1

;
1

1
;,,

0

2
2

00

n

n

nk

qk

k
kaak

k

kn
n

n
ytq

n
nk

qq
xtq

q
ttqayxL

x
which by using relation (1.5), we find 

n
k

knkk

n

knkkaak
n

k

k

n
n

n
n

n

n
n

n

t
y
xq

qqqqqq
qqq

qqq
yqq

q

tqayxL
x

3

1
2

1

1221
1

01
12

1
1

2

0

0

;;;
;1

;
;

1
1

;,,

 

n
k

kk

k
n

kaak
n

kn
n

n
n

n
t

y
xq

qqqq
qqq

qqq
yqq

q
3

2

121
1

01
12

1
1

2

0 ;;
;

;
;

1
1 ,                  

(3.8) 

which on equating the coefficient of nt  yields the required relation (3.5). 

     Again, differentiating the both sides (3.2) with respect to y , we get 
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The generalized q-analogue Laguerre polynomials of two variable 
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by using relation (1.9), we get 

,
1

;
1

2
1

2
;

11;,,1

2

0

2

0

2

0

2

0

2

0
1

0

n
n

qnk

k
kaak

k

kr
r

qr

n
n

qnk

k
ka

k

kn
nq

n

ytq
n

k
qq

xtqqytq
rq

x

ytq
n

k
qq
xtqytqayxLn

by using relations (1.6), we get 
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which using relations (1.6), we find 
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Hence, 
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Also, using relation (1.3), we obtain 

n
k

kk

k
n

ka
n

kn
n

n
n

n

n
nq

n
t

y
xq

qqqq
qqq

qqq
yqqytqayxLn 3

1

21

0
2

12

0
1

0 ;;
;

;
;1;,,1

 

                  

n
k

rknkr
rknkr

rkn
k

r

kaak
n

k

k
kn

rkn

n t
y
x

qqqqqqq
qqqqqy

q
x

;;;
;;1

1 12

122

0 0.0

 

Which on equating the coefficients of  nt  yields the required relation (3.11). 
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